Graphical Calculus of Spin Networks
H BER£% T AR 73
Emanuele Alesci, Ilkka Mikinen, and Jinsong Yang

RESHE-F3EA, PURFR-IEERT, MEh

Contents
%
Introduction 3954
515 3954
Elements of Graphical Calculus 3956
BTN 73 A 3956
SU (2) Representation Theory 3956
SU (2) 7RI 3956
Wigner 3j-symbol. 3958
RN 3j 175 3958
Invariant Tensors and Recoupling Theory 3962
ALK B 5 HEMA IS 3962
Example: The Gauge Invariant Projector. 3965
B BT 3965
Calculating with Graphical Diagrams 3967

KR EIfE 5 3967

The Fundamental Theorem of Graphical Calculus 3967

E AR 0 Z AR EHE 3967

Example: Biedenharn-Elliot Identity 3969



B BRI - SRA BURHE S5 3K 3969

The Graphical Method in Loop Quantum Gravity 3971
B &5 REE T 3971

Kinematical States and Elementary Operators. 3971
BRI FSGEART 3971

Example: Matrix Elements of the Hamiltonian Constraint. 3975
B W LT R AR RE T 3975

Summary. 3979
S5 3979

Cross-References. 3980
ZX 51 3980

References 3980

Sk 3980

E. Alesci (@)
E. F3EE (2)

Institute for Theoretical Physics & Cosmology, Zhejiang University of Technology, Hangzhou, China
FRERUN, #7L TR E B S Tl AR5

United Center for Gravitational Wave Physics (UCGWP), Zhejiang University of Technology, Hangzhou,
China

FRERUN, 7 TR S [ A & HD (UCGWP)
I. Mikinen

L IGET
National Centre for Nuclear Research, Warsaw, Poland

=40, ERZHTEHIL



Faculty of Physics, University of Warsaw, Warsaw, Poland e-mail: ilkka.makinen@ncbj.gov.pl
P =24E7h, SEVDRZZY I~ fe o7 1 ilkka.makinen @ncbj.gov.pl

J. Yang
7

School of Physics, Guizhou University, Guiyang, China
FRESIRH, SIMNRFAYER R

e-mail: jsyang@gzu.edu.cn

FL 7 HF S jsyang@gzu.edu.cn

Graphical techniques provide a very useful practical device for calculations involving the so-called spin
network states, which encode the quantum degrees of freedom of spatial geometry in loop quantum gravity.
Graphical calculus of SU (2) , which has been originally introduced in the literature in order to deal with
calculations arising from the coupling of angular momenta in quantum mechanics, can be used as a simple
but powerful method for computing the action of various physically interesting operators in the spin net-
work representation. Compared with conventional manipulation of algebraic expressions, calculations in the
graphical approach are typically more convenient, concise, and visually transparent. The goal of this chapter
is to provide an accessible introduction to graphical methods in SU (2) recoupling theory and a brief descrip-
tion of their use as a tool for practical calculations in loop quantum gravity. We introduce the basics of the
graphical formalism and establish the representation of the elementary states and operators of loop quan-
tum gravity in graphical form. Several example calculations are given to illustrate the use of the graphical
techniques, including a computation of the matrix elements of a Hamiltonian constraint operator in the spin

network basis.
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Introduction
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Loop quantum gravity provides a non-perturbative and background-independent approach to the quan-
tization of general relativity (see, e.g., [10,40,44,47] for books and [9, 11, 27, 28, 38, 41, 46] for review articles).
The theory incorporates a key lesson of general relativity - that the gravitational field and the geometry of
spacetime are essentially the same physical entity - and is built on a rigorous mathematical foundation. In
the past 30 years, loop quantum gravity has developed into one of the main candidates for a quantum theory

of gravitation, both its canonical (Hamiltonian) and covariant (Lagrangian) formulations.
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At the heart of loop quantum gravity are the so-called spin network states, which encode the quantum
degrees of freedom of discrete, quantized spatial geometries [42, 43]. The use of graphical techniques for
calculations involving spin network states has a long history in loop quantum gravity. The articles introducing
the spin network representation [42,43] and performing some of the first detailed computations with operators
in the spin network basis (e.g., [15,17]) made extensive use of graphical methods which can be traced back
to Penrose’s diagrammatic tensor calculus [37] and the tangle-theoretic recoupling theory due to Kauffman
and Lins [30]. A related but arguably more powerful graphical formalism for SU (2) recoupling theory was
originally developed to deal with calculations arising from the coupling of angular momenta in quantum
mechanics and has been presented in slightly different versions by Yutsis et al. [56], Brink and Satchler [16],
and Varshalovich et al. [49]. All these methods consist of two ingredients: graphical representation and
graphical calculation. An algebraic formula involving objects of SU (2) recoupling theory is first represented
by a corresponding graphical diagram in a unique and unambiguous way. Then the graphical calculation
will be performed following certain simple rules for transforming graphical expressions, which correspond

uniquely to algebraic manipulations of the corresponding nongraphical formulae.
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LANEIR R D IR K RN [37], PAE R SRS IS BRI [30], 5 —M5S
Z MR, HRENHE P SU (2) EMHICEIEERN, &2 NEHET ¥ AshEME AT
BURJEIMK, Yutsis % A [56]. Brink F1 Satchler[16] PAM Varshalovich <& A [49] 7355 H THEE R
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The graphical methods originating from the literature of quantum angular momentum provide a very
useful tool for practical calculations in loop quantum gravity. Examples of calculations to which SU (2) graph-
ical calculus has been successfully applied include studying the action of geometric operators (such as the
volume operator [8,42])[13,17, 51, 53, 54] and the Hamiltonian constraint operator [4, 6, 7, 26, 35] in the spin
network basis; examining the consistency [5,48, 55] between the dynamics defined by Thiemann’s Hamilto-
nian constraint [45] and the EPRL (Engle-Pereira-Rovelli-Livine) spin foam model [22,24,29]; analysis of the
semiclassical limit of the Barrett-Crane spin foam model [3]; and a proof of invariance of a lattice formulation
of BF theory under Pachner moves [31]. Pedagogical presentations of these graphical techniques and their
use in loop quantum gravity have been given in [34,36].

I B &7 A shESUB B 715, 2B & 75 | LRI EHIEE AN TH.SU (2) BIEMAS B4
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Various generalizations and extensions of the graphical method have been developed to extend its reach
beyond calculations involving purely SU (2) recoupling theory. In particular, graphical calculus of the group
SL (2, C) plays an essential role in the analysis of EPRL spin foam amplitudes (see, e.g., [38] for a review, or
the recent articles [19, 20, 25] for a selection of examples). The graphical approach has also been extended to
SU (3) in connection with Yang-Mills theory coupled to loop quantum gravity [32], to OSp (1 | 2) in the context
of loop quantum supergravity [33], and to the quantum group SU(2) q (see, e.g., [14,18] ). Furthermore,
graphical techniques been applied to calculations in quantum-reduced loop gravity [1,2] .

MNINEEIFRHETE AR 2T 51, RHRN A7 ERREI4 sU (2) EMFIe TR 2N, T
HI2HE SL(2,C) BIUMESy, 1E57HT EPRL HESEIRIRIEHEEIROIER (BlAnZRd 2 W [38], X
RG2S WIS [19,20,25] ). EIFTTIRCES &4 K/RIEIE 5 B &7 5| IR & T e
2 sU(3), fEERTESIIER MRS 0Sp(1|2), ™HREIRTE SUQ), (BIWNS I [14,18]
)o BEAN, EREARMCERN A TLAMET B HIITHE [1,2].

Such advanced applications, however, are decidedly outside the scope of our discussion. The purpose
of this chapter is limited to giving an accessible introduction to the graphical calculus of SU (2) recoupling
theory and explaining how these graphical techniques can be applied to concrete calculations in loop quantum

gravity in the spin network representation. After introducing the elements of the graphical formalism in



section “Elements of Graphical Calculus” and the highly useful fundamental theorem of graphical calculus
in section “Calculating with Graphical Diagrams,” we establish the graphical representation of the elementary
states and operators of loop quantum gravity in section "The Graphical Method in Loop Quantum Gravity”
and illustrate their use with an example calculation of the matrix elements of the Hamiltonian constraint

operator. The chapter is concluded with a brief summary in section ”Summary.”

SR, XA A AR T A IETEE, AR HMRTERZ BN SU (2) EME
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Elements of Graphical Calculus

P JE i R IL i

In this section, we introduce a diagrammatic notation for the fundamental objects of SU (2) represen-
tation theory and establish the basic rules for manipulating such diagrams. The conventions we choose are
not in complete agreement with any standard reference on the subject, although they follow quite closely the
conventions of Brink and Satchler [16]. Our discussion is interlaced with a concise summary of the necessary
elements of SU (2) representation theory, but does not provide a comprehensive review. If necessary, we en-
courage the reader to consult some of the many available references on Lie groups and the quantum theory

of angular momentum (e.g., [16, 21, 23, 50] ).

ARTEATRN SU (2) FoRIEHIERN R T IABIRICHE, FFREIXEEREEARBRIEMN], FATIEH
WLE B S Z EEIEENESZ ORI 22— 8, EEUAAER I Brink M1 Satchler[16] /)
A, BANMINIEFMILE T SU 2) #RICHBEREMANE, EHRGHERLE, EFRZE, &
ITEVGREE A R Z X TR A s E R FHICRZSZ R (140 [16, 21,23, 50] )s

SU(2) Representation Theory

SU(2) Fonit

The fundamental representation of SU (2) , the group of unitary 2 X 2 matrices with determinant +1, is
realized by the natural action of these matrices on C? . Higher irreducible representations can be described
in terms of the states | jm) , which are the familiar eigenstates of angular momentum (| jm) is an eigenstate of
the operators J2 and J, with respective eigenvalues j (j + 1) and m) . The spin- j representation of SU (2) is
realized on the (2j + 1) -dimensional space J(; spanned by the states | jm) with a fixed value of the quantum

number j .



FTAIEN +1 IIAIE 2 x 2 JERERE SU (2) IERIZOR, HIXEEAERETE C2 R BARIMER S, HEk
HIARAT AR ] OB A | jm) iR, XL R BA TR A S 'R AR, (|jm) 285 J2 fJ,
PIARIERS, AMEEZHR j(+ 1) Flm) . SU(Q2) EKE- j oSBT HE 75 j BEERE |jm) 5k
I (2 + 1) 4E=2 A 7¢; b

The matrices representing elements of SU (2) on J(; are known as the Wigner matrices. We denote their
matrix elements by

SU (2) KIJERTE H; ERIFRIEFERONAERS AR, Bl R R Tic e

DM, (g) = (jm |DY) (g)| jn). ¢))

To express these matrix elements in graphical form, we adopt the notation
N T HEBIEAF RIS, RITRAES

()

o
D(])mn(g) = m @I n

with the tip of the triangle pointing toward the upper index.
=T RYATER upper FEFR,
A fundamental invariant tensor on J(; (the epsilon tensor) is defined by

H; BRI —DEEARARA K& (epsilon TK i) & N

E%)n = (—1)j_m5m,—ns gmn = (_1)j_m5m,—n- ®3)

Note that we define the tensor with upper indices to be numerically equal to its counterpart with lower
indices. From its definition, we see that the epsilon tensor satisfies the properties

ERBATE S upper FEARHY K RIEEUA 55T X M H)H lower FEFRAT K . WERIE XA AR,
epsilon 7K & 2 1R

| o s
elim = (=1)" &, €ppe™ = (1) 87 “)

The epsilon tensor can be used to raise and lower indices of vectors on J¢; . We choose the convention

epsilon 5K & A] T 7+ 7¢; ERBRIENR, TRATRALE
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The tensor ey, is represented graphically by a line carrying an arrow and a label indicating the represen-

tation j . The two ends of the line correspond to the indices m and n , with the arrow pointing from m to n

ki ), EIEFR TR A — S5k N, DARFRERTR j RS, LRI RASAE m Fl n, #ik
M mfsm n:

(6)

o,

) _
Emn = m > .-

The tensor ¢/ | which is numerically equal to e%y, , is represented by the same diagram. We also

introduce a line without an arrow to represent the unit tensor (Kronecker delta):

BUE LT ), Ak cOmn I RIFERIEIR R, TR AR LGSR FR k& (2%
ML delta):

(7)

m  _
(Sn - m n-

The properties (4) translate to identities satisfied by the graphical objects (6) and (7). The first property

implies that the direction of the arrow can be reversed according to the rule

PR (4) HAL NETE RS (6) 1 (7) RIS R, B—MERRI, AT RN S5 & Sk 7y
Il

(8)

< = (=¥ >

In the graphical formalism, contraction of magnetic indices is represented by connecting the two ends of
lines corresponding to the contracted index. The second property (4) then shows that two consecutive arrows
behave according to the rules

R AR, BRIP4 @ N M AEFFFE I m R RoR, RIETER (4) IS8 &%
B, PSR SR S A

(9) (10)



- = (DY ,

where the second relation is obtained by combining Egs. (8) and (9).
B = AR AR HK (8) # (9) 5155,

If the names of the magnetic indices are irrelevant or clear from the context, it is typical to not write the
indices explicitly in graphical diagrams such as (6) or (7), as we have already done in Egs. (8)-(10).

QRSP R AR TR B H B M L R, BEIAXBENELER (8)-(10) HIEIAEE,
£ (6) B (7) XK B IS tHigtn,

Using the fact that the epsilon tensor is invariant under the action of SU (2) on its indices, one can deduce

the expression

A epsilon 5KETE SU (2) fE T HABR A —MEBT, AJ DS AR

pUm, (g71) = glymm E(njr)z DM, (g)

(€8))
for the matrix elements of the inverse matrix DV (g71) in terms of the matrix DU (g) . Equivalently, we

have the graphical equation

HT RN DY (g71) KT HERE DY) () RIAERETC, Fhit, BATHEETE

(12)
The great orthogonality theorem for compact groups states that the matrix elements of the Wigner ma-

trices satisfy

SRR IEAMECBRG H,  HERSANREFE IR T

/ dgDD, @DU ™ (@) = 8,53 8%, (13)
J

where dg is the Haar measure of SU (2) and d; = 2j + 1 is a common abbreviation for the dimension of
the space (; . To express the orthogonality theorem in graphical form, it is convenient to start by using Eq.



(11) together with unitarity, i.e., DV (g7) = DU (g71), to derive an equation in which the complex conjugate
has been removed. Then expressing this equation in graphical notation, one obtains

Hrp dg 72 SU (2) (MR, d; =2j + 1 2230 7 EE RS, N TIEREE RSN
EieE, BT ER 11) SXIEME (B DYV (g7) = DY (g71) ) #ESH —MEER T S H4EHY
Jitg, BHRZTEMENSIOR, RIREE

(14)
Y]
fdg . 9’\ .J""/G'\ = dljajj’ ::
>

Wigner 3j-symbol

ARSI 35 155

Two sets of basis states on the tensor product space #(; ® J(;, are given by the "uncoupled” states
|jimy) | j.m,) and the “coupled” states |j; j,; jm) , which are defined as the eigenstates of the complete sets
of mutually commuting operators {(J (1))2,J§1), (J(Z))Z,Jéz)} and {(J (1))2, (J(z))z, T+ J<2>)2,J§” + ng)} . The
change of basis between the two bases is given by

KBRS 7, @ 7, LAFEMARRE, 2alE” RME” & jimy) | jomy) B FEE” 2 | jijz jm)
EANAAIBE R BT 52 [(70), 10, (@), 12 R [00), (@), (00 + 1), 10 + 12}
FIARAEAS, PR KR R R

ljim) ljama) = Z CUL2Dmymy™ | jyjas jm), (15)
jm
where CU1J2/)m, m,™ are the Clebsch-Gordan coefficients of SU (2) . In the physics literature, the Clebsch-

Gordan coefficients are usually denoted by a notation such as (j; m,, j,m, | jm). The purpose of our notation
is to indicate the index structure of the Clebsch-Gordan coefficient when seen as an SU (2) tensor. The phases
of the Clebsch-Gordan coefficients are fixed by the nearly universally followed Condon-Shortley convention
(see, e.g.,[16,21,49]). Under the Condon-Shortley convention, all Clebsch-Gordan coefficients are real-valued,
and the coefficients CU1/2)™1M2p of the inverse transformation, expressing the coupled states | j; j,; jm) in the
uncoupled basis, are numerically equal to the coefficients C1/2)m, m,™ themselves. The Clebsch-Gordan

coefficients also feature in the so-called Clebsch-Gordan series

10



Hrp cOii2Dmym,™ J2 SU (2) RISERA T -m B R 8 EYVBESO, TR - S R E0BH R
F (imy, jamy | jm) ZXRILEFRR, BATRAIZICENERZ, 2583 10 -8 R E—1
SU (2) K&/, ] DABAFRABIERIFEIREIE,  Sa3feATi - e B AR B AR AL i ) L P45 21038 di i A1 Y
- HRNLERE (B0 WKk [16,21,49]). TERE-HRFMZAE T, Frf w3RAmf-m e R
RMER; AT DABBEEFRTER |jjy jm) R R L cOi2mmpy, - fE5UE B 5 R
CUV2Dmymy™ AR GAHRE . Sa3ReATi Aiy- e B AR B H AL P B A S ST - i R A

D(h)mlnl (2) D(J'z)mzn2 () = Z C(jljzj)mlmzmc(jljzj)nlnan(j)mn (2), (16)

jmn

which can be derived by studying how the state (15) transforms under an SU (2) rotation.
XA DA R 2R (15) FOSTE SU (2) Bght SRRy R S155,

An object closely related to the Clebsch-Gordan coefficient is the Wigner 3 - symbol. The 3j -symbol is
constructed by using the epsilon tensor to lower the last index of the Clebsch-Gordan coefficient (and multi-

plying with a numerical factor):

5yaseAni - S R BV R — D R BRI 3) 1750 % 3j -FFS5IEIE A epsilon 5K & [
SRAT AR - AR B B JE — MEbR (B3R DA— D EUER ) MiES 2

S 1 o .
(h J2 J3> = ——(-D" J2+]3C(h}2]3)m1m2n5${;§r23~ (17)
m; m; mj dj3

The value of the 3 j -symbol is nonvanishing only if the spins ji, j, , and j; fulfill the triangular conditions

or Clebsch-Gordan conditions

X BHE ji. jp A j5 TR =251 (BISERAfm - Bk F) i, 3j FFSHEA TR

lj1 = J2l £ J5 < j1+J2 and jy + j, + js is an integer, (18)

and the magnetic quantum numbers sum up to zero

HWEFEEMNE

m1+m2+m3=0 (19)

In the graphical notation, the 3j -symbol is taken as a fundamental object due to its higher degree of
symmetry over the Clebsch-Gordan coefficient. The 3j -symbol is represented graphically by a node with
three lines connected to it:

FEEILSY, BT 3j S-SR A ERANRYE, BRI R, 37 T
SHIEERTRN — ISR = SRR A

11



g i
( ' ? ’ ) =j J3 (20)
m m; mg +

The cyclic order of the spins is indicated by a + or - sign next to the node. The two signs represent,
respectively, anticlockwise and clockwise ordering of the spins. Thus, a node with a minus sign represents

the 3j -symbol

B BERITEEMIE 7 S5 R + SE-SARIE. PINES o0 710 BL B e B35 s I R £ I
R, HRSHTRAE 3 S

S bz ] .
2=J3= < ' 3 2) = JiJ2- (21)
m ms; mp

From Egs. (17) and (20), it follows that the graphical representation of the Clebsch-Gordan coefficient is
given by

A3 (17) #1 (20) AJ1%, SesRAnf-mERMAERRN

(22)

J1
C(.il.lz.f)m]mzm = (=1 /dj .

J2

The Clebsch-Gordan series (16) then takes the graphical form
VUSEATVE- B B EL (16) FIE AN N ETEIE R

(23)

The 3j -symbol enjoys a number of convenient symmetry properties. Interchanging any two columns
in the symbol is equivalent to multiplying the symbol by (—l)j 12t (g0 in particular, the symbol is invari-
ant under cyclic permutations of the columns). The same multiplicative factor results if the sign of all the
magnetic numbers is reversed. Translated to graphical notation, these statements imply that the diagram
representing the 3j -symbol satisfies the following basic properties:

12



3j TS BB B L EEIONFRIE, (ER BTSN TREF SR (-1 ([H %y S5
HUTEIA B FRFFAZR), AR FRFERNZSH, WRBEMERRRRE T, FHROVEFIC
S5, RGEeERAE K 37 FH5 A B E DA R AR

(24)

o (_1)J'l+jz+j3

&

i.e., reversing the sign is equivalent to multiplying the diagram with the phase factor (—l)j 1Hzth ,and
H, ZESSMTFAER-MIHET (1), B

(25)

i.e., a node with an identically oriented arrow on each line is equivalent to a node with no arrows. The
3j -symbol also satisfies certain orthogonality relations, which encode the orthonormality of the coupled and

uncoupled bases and which can be expressed graphically as

R, P IA%E K75 16— BIIEE SR TN RTSRAIEE R 3) FFSIEMRS TIERRR, XEXRR S
7RSS EAARIEIESR Y, ATERARTR N

(27)

(26)

J1

J2

13



Further properties of the 3j -symbol include the identity

3j 1T S A A B MEEK

(28)

J
1
+30=6;——]j
; Jji ,—dj

which shows how the 3j -symbol reduces to the epsilon tensor when one of the spins is equal to zero.
BRRTYHP—NEIEVEN, 3j FSUIRILY ¢ K&,

Certain familiar objects of SU (2) representation theory can be expressed in graphical form by relating

them to the 3j -symbol. The anti-Hermitian generators Ti(j ) in the spin- j representation are defined by the

matrix elements:

SU (2) FmIE IR YO B AT DUBIEORHR 3) 1755 IERIE R, Hle- j FmhHIRIEARAERTT
o B NAERETTAE

(&) = =iCjm I jin). (29)

However, the Wigner-Eckart theorem (see, e.g., [16, 21, 49]) states that the matrix elements of the angular

momentum operator are given by

{BLERSAN- SR ST R B (B0 2 SRR [16, 21, 49]) F5HH, MAhB&BEAFIVAERTTH N4 H

(miljny = (I j) CID ™, (30)

where the so-called reduced matrix element (j || J || j) is independent of the magnetic indices m, n , and
i . The value of the reduced matrix element, ( J ”J || j) = 4/j(j+ 1), can be deduced, e.g., by considering a
complete contraction of Eq. (30) with itself and recalling that the Condon-Shortley convention fixes the sign

of the coefficient CU17) ;57 to be positive. In this way one finds that the generators are represented graphically
by
HRFTIRILIIERETE (113 || ) SRR TS m,n . 1 X, Lofesiberem (j 1] j) = viG+D
AT RUEI B X (30) e R4EH, FEE SRR - HRAIZE 2R ARE U, ) AT S NIEHRSE
F, HEFRATA] U B4 ST TR RR I T

(31)

: n T
(TEU))mn . 4 in

14



where we have introduced the abbreviation

HpBAI5IA T N85

W;=+j(+1Qj+1). (32)

Moreover, if we use the diagram

AR, AERBATH T E

(33)

to denote a vector with an index in the j = 1 representation, we can write down the expression
TR MEET j =1 RZRimAE, FATA S HERIAK

(34)

for the triple product of three vectors contracted with the completely antisymmetric tensor ¢;;; . This

is based on the observation that the 3j -symbol with spins j; = j, = j; = 1, being antisymmetric un-
der the interchange of any two columns, must be proportional to €, ,,m, » and that a triple product ex-
pressed in the Cartesian basis is related to the same product calculated in the spherical basis by ¢; jkuivj wk =
—i€m, mym U VW™ . (The spherical components of a vector v in R3 are given in terms of the Cartesian
components by vt = —% L* —iv?),v° = v, v = % W*+ivY).)

KRER=ANA RS BRNIIKE ¢ ;) FHBFRN=HM, X -REETUWTUNE: BIEN j, = j, =

Jj3 = 109 3j FESAEAETR S FNIN RONHFR, BRIHABRIELT ey pym, , EEFREFH=FHM

BRHE TSR — SEHERE T €k = iy, ™0™ W0™ o (AR v 75 R® HBRS R

A R/Ry &l ot = —% V* —ivY),v° =%, v = % * +ivY) At )

Invariant Tensors and Recoupling Theory
AR S EMASRIE

15



In the context of loop quantum gravity, a particularly important property of the 3 - symbol is its invari-
ance under SU (2) transformations. With the help of Eq. (16), one can show that

R T 5 IR T, 3j T SH—MUHEZNM IR B SU (2) Z#H FRAZM, 8 (16),
AT DAIERA

i i i hoJ2 o Ja
D(Jl)mlnl (g) D(Jz)mzn2 (g) D(J3)m3n3 (g) (ml mz m3 ) = ( o J2 3) . (35)
1 2 3

A notation such as
BAEE R NS

(36)

Py g
(Jij2j3)
mimymsy —

J2

is commonly adopted to denote the 3j -symbol if one wishes to emphasize its interpretation as an invari-
ant tensor. The indices of the tensor can be raised with the epsilon tensor in the usual way. In particular,
the relation (25) shows that the tensor (1(1'11'21'3))m1mzm3 , obtained by raising all the indices of the tensor (36),
is numerically equal to 15{,11],,21]23,313 . Furthermore, the orthogonality relation (26) implies that the tensor (36) is

normalized to 1.

HRFTR 3 S, MBMNA AT AR R RN S M AIXAC . S RAHERR AT A%
HRLITEH epsilon SKETHAR. F55IM, SRR (25) R, XK (36) FIFTHAEITTHHRIE S 21K
B (2™ AR BT L) AN, IERRR AR (26) A KR (36) LA 1,

The 3j -symbol and the epsilon tensor are the basic building blocks out of which invariant tensors of
higher valence can be constructed. For example, using the epsilon tensor to contract two 3j -symbols on one

index, we obtain the four-valent invariant tensor

3j fF5H1 epsilon 5K & /EMIE B @A L5k & ERM R, #1420, FIH epsilon SKEXNFEA 3 FF5
HI— D ERgETE, BATAT S SR K &

(37)

(t,(kj] mh))m] My
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From the invariance of the 3j -symbol and the epsilon tensor, it follows that the tensor (37) is also in-
variant under the action of SU (2) . Note that invariant tensors whose index structure consists of a mixture
of upper and lower indices satisfy SU (2) invariance in the form where a representation matrix acts on each

lower index, while the inverse matrix acts on each upper index. For instance, the tensor (37) with the first
index raised satisfies

Hi 3j FFS5H epsilon 5K BT MERTA, 5K& (37) 1E SU (2) MIfEH TRIFERATZEN, R, X T
PREEHRIIN B & BTN HEARIIA K &, Hil e SU (2) MEMERN: B4 T ez — R rER
TEM, 8D EIEmMNISEERERAER . BN, RK28—NMebrHRrI5KE (37) e

n

. _ . . ('...')ml Gi++-ja)
D(]l)nlml (g 1)D(]2)m2n2 (g) ...D(J4)m4n4 (g) (‘kh Ja ) mymymy = ([kh Ja )

Nanzng:
(38)

In loop quantum gravity, invariant tensors such as (36) and (37) are typically called intertwiners.
TERERT51 0, TR (36) Fl (37) YL T B 18 MR N 22 9

The tensors (37) corresponding to all values of the internal spin k allowed by the triangular conditions
span the intertwiner space Inv (}( i ® - QH; 4) . However, unlike the three-valent intertwiner (36), the
four-valent intertwiners (37) are not normalized; a short calculation using Eq. (26) shows that

TG R = 0 2% P S VPRI L K R REA3R (37) KB T2 Inv (9G, ® - ® 9C;,) o 185
ST (36) B, PUHAZIET (37) FRIA— A FIFIR Q6) i - e

(39)

(9 Gy @ . L(gkt.

Hence, an orthonormal basis on Inv (}( i ® - ®K; 4) is given by the intertwiners

i, Inv (76, ® - ® J6;,) EEIRIEEARH A A T4t

(U%I"'“)) — /d_k(lgch..-n))
The process of using epsilon tensors to connect 3j -symbols to each other can be continued to construct

intertwiners of arbitrarily high valence. An N -valent intertwiner obtained in this way has the form

. (40)
mymoymsmy mymomsmy

FATAI DAGRSEH epsilon SKEIEZEZ D 3) 115, MEBEERESNMAIRE T, @XM G N 6
TN

(41)
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J2 J3 JN-1
(ky--ky—3) J1 o

my -y —

+ k1 + ke kn—s +

where the label k denotes the collection of internal spins k;, ..., kx_3 . Seen as a state on R ® H in

, the tensor (41) is an eigenstate of the operators

HANRIE k FRNEEIE ky, .. ky_s A, KR @) BIE I, ® - @I, LIAH, RUTFE
PEAAE RS

IO+ 1(2))2, (O +JO 4 1(3))2, s (O 4T ot ](N—l))z

(42)
with eigenvalues determined by the spins ky, ..., ky_3,Jy and of the operators

HAMEH BBE ki, ..., ky_s, Iy W€, FINEMZH NEAFHIARIES

2
(O 4+ 7@ oo g JWY JD 4 gD g (43)

with vanishing eigenvalues. Since these operators form a complete set of commuting operators on #(; ®
QK N o and the invariant subspace Inv (.‘}[ 5, ® - ® H jN) is characterized by eigenvalues j = 0 and m =
0 of the total angular momentum, it follows that the states (41) provide a complete basis on the N -valent
intertwiner space Inv (}( i ® Q@ FH jN) as the internal spins range over all their possible values. As before,

this basis is orthogonal but not normalized; an orthonormal basis is given by the intertwiners

AEBAEE HTXERFHR 7, ® - ® ¥, FNHBHFREE, HFETFN
Inv (6, ® -~ @ %,,.) FEFASNREIAALE j = 0 F1 m = 0 ZIE, [HIHY4 A E HEBGR G T A1
i, 25 (41) A H T N 50550 Inv (5, @ -+ ® 96;,) EIM—A5e 4, FIZai—H, WHIRER
BRI f, HITEIE AR R 2 T4

(Ui(jlij))ml...mN - V dkl de—3([glij))m1...mN. (44)

For intertwiners of valence greater than three, there generally exist many different ways of coupling the
spins jy, ..., jy to the internal spins of the intertwiner, giving rise to several inequivalent bases of the corre-

sponding intertwiner space. For example, the intertwiners

MNENMBRT =R T, WEAESMARTT G BEE ji, ..., jy BEEIRE TN EE L, H
AT BN B S22 A A 2L AN RIS, AR, DA ¥

(45)
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(ji-+Ja)
(’I:; e )ml---m4

where the first and third spins are now coupled to the internal spin, provide another basis of the space
Inv (}( i ® - @K 4) . The change of basis between the bases (37) and (45) is given by

HAE A EA B IEER A I E e, St T2 Inv (9, @ - ® 96;,) 195 —2IERE, 5%
K (37) R (45) 2 AR R R H

J1 J4

— de(_l)j2+j3+k+f {Jl J2 k}
7 Ja j3 !

Ja
(46)

Here the object denoted by the curly brackets is a Wigner 6 j -symbol. In graphical notation, the 6j-symbol

can be defined as the diagram
XEARIESIMCHIN G2 6 155, EEZILSH, 6 FF5r BIE OV T E

(47

J1 2 J3
ki k2 k3

(To obtain Eq. (47), contract both sides of Eq. (46) with an intertwiner of the form (37), keeping in mind
Eq. (39).) As seen from Eq. (47), the 6j -symbol represents a complete contraction of four 3j -symbols. The
6j -symbol vanishes unless the triangular conditions are satisfied by the four triples of spins indicated by

(EEFIRK @7), [ @6) ML 5B (37) IRgEF4EE, 123X (39) Bial, ) MK (47) ATAE
H, 6j FFEREIA 3j TS24, FRIEMSA YA B e = eHER 2 =A%, SN 6j

FENE
b
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The symmetry properties of the 6j -symbol include invariance under any permutation of its columns

6 FF S B FR ML AE HAR T8 i RO

Ju oz 3 (_)h 3 2 () )2 U3 N . ete. (49)
ki ky k3 ki ks k, k, ks Kk
as well as invariance under an interchange of the upper and lower spins in any two columns

PARAERMSI A N B hEssi R

i i 1k, k ky ky |j
[ v J2 3 }:[ 1 2 }:{ o I3 }, etc. (50)
ky ky k; ki J2 s hvoJ2 ks

Invariant contractions of greater numbers of 3j -symbols give rise to higher Wigner nj -symbols. For
instance, the change of basis between two bases of five-valent intertwiners is encoded in the 9j -symbol,
which is a complete contraction of six 3j -symbols. These symbols and their properties are described in more

detail in references such as [16, 49, 56] .

B 3j TSN RGEH LRSI nj 755, BN, T E2P T MR A3
90j FFEZIE, BREND 3 TSR, XERTS HIERTE (16,49, 56] F2% A A H i+
I T4,

Example: The Gauge Invariant Projector

Bl EA BT

To give an example of using the elements introduced in this chapter in a concrete calculation, let us

consider the integral

N7 2B BN PR A BRI AR T BATHR, BB TR

1U1JN) = /ng(h) (g)---DUN) (g). (51)

We would like to show that, seen as an operator on the space 7(;, ® -+ ® J{;,; , the object (51) represents

N 9
the orthogonal projector onto the gauge invariant subspace Inv (}( i ® @I jN)

RAVHEN, 4R D) WHEAESN 70, ® - ® 70, LMETN, S FE TN
v (%0, ® - ® 90, ) LRIERIHET

The product of N representation matrices is described graphically by the expression
N FoRFERERSRRAN AT DU ETE R R N

(52)
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J1 J2 oo JN

Now the strategy is to repeatedly use Eq. (23) to couple the two leftmost representation matrices. Pro-
ceeding in this way until there are only two matrices remaining, we arrive at

BEBAMR SRR R EA A 23) MERAMBIP N FRRER, 50X MR E R RN ERE,

RARE

T kT ko
JN.

:E:: di; + - dry_,

. 1+ k1 + ke

Fiaia)

(53)
At this point we may compute the integral over the group using the orthogonality theorem (14) for the
Wigner matrices. We then find that the integral (51) is equal to

I BRATTAT AR 4ERSANAEFE Y IE AL M E ] (14) THRAE BRIy, REIR) (51) T

JN-1
JN
o k’] o ]i'g k]\"—:} B
D dy e diy :
ki-kn_3 j1 + k1 + ko kn—3 + N

J2 J3 01

(54)
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Here we can recognize the graphical representation of the N -valent intertwiners (41), which span the in-
tertwiner space Inv (}[ i, ® - ®H jN) . Hence, introducing the label k to denote the internal spins ky, ... , ky_3
, we have shown that

XA DUAHRE N MESET @) WETBER, IXEemss e T ok a8 75 6
Inv (76, ® - ® 6, ) o I, SIAFRIC k FRAEIE Ky, .. ky_s JF, BARIES T

I(jl"'jN)ml"'mNn — Z dkl _nde_S(Li{jl.,,jN))ml---mN<[§(j1...jN))

1° AN .
ny---nN
kl"'kN—S

(55)
Using the normalized intertwiners vgl"'“") =/di, - de_3l§<h"'JN) , We may write

RIS BT oY) = [dy - dyy, 7N BRI S

UL IN) = Z |vi(j1'“jN)> <v§{j1'“jN)’ i (56)
k

which establishes the statement we were looking to prove, since Eq. (56) is nothing but the standard way
of expressing a projection operator in terms of an orthonormal basis of the subspace onto which the projection
is taken.

XS] T ERAVEZIEREEE, FAR (56) IERBGEHE T HIFRMERIAE R HE AT E T = RI
IERERFRIGEHE T

Calculating with Graphical Diagrams

M ETEACE TR

The Fundamental Theorem of Graphical Calculus

I i A i B

In section “Elements of Graphical Calculus” we have introduced the basic ingredients of graphical calcu-
lus, consisting of the graphical representation of objects of SU (2) recoupling theory, together with rules such
as Egs. (8)-(10) and (24)-(25) which show how the arrows and signs in graphical diagrams can be manipu-
lated. However, the most powerful element of the graphical method emerges, perhaps surprisingly, from the
simple fact that an N -valent invariant tensor can be expanded with respect to a given basis of the correspond-
ing N -valent intertwiner space. Due to their indispensable role in graphical calculations, we will refer to the
identities derived from this observation as the fundamental theorem of graphical calculus (although this is
not a standard terminology in the literature of the subject). To express these identities in graphical form, we

will introduce a notation where an N -valent invariant tensor is represented by a block with N lines attached.
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BAHE “EIIEEEIEM" — A T BIPEENEARRER, G SU () S EILHRRE
EIERR, PA (8)-(10). (24)-(25) XKL RHAN AT I AR RO ET SLANAT S BRI, 2T, EfT5
R BB K AIE B N EORSR B — DM B — N AR5k & AT DAITEXS B N 5248 23
[RIAZEEHE N RIT, T IXEEAEEP IR LIEE S sE A EH, AR B IeHES TR
FRAMN B E B AT B (RE R Z IR SR HAFREARTE), b T HER AR LS
K, BANSIA—MICS: R N IAZKEH —NERE T N FREIRER,

A tensor carrying a single index can be invariant only if the index belongs to the trivial representation.

Thus, identifying a line having j = 0 with no line, we have

I RNMER IR E A B E T PR RN A B AEN, Fitt, HE—FEE j =0 4FE
FTRAZ%, BAEE:

(57)

A two-valent invariant tensor T,,,,, must be proportional to E%)n , which is the only invariant tensor hav-
ing two lower indices. In particular, T, cannot be invariant unless both of its indices belong to the same
representation. The coefficient of proportionality can be deduced by contracting both sides of the equation

with the epsilon tensor. In this way we obtain the graphical identity

SRR T, BES e, BUEL, ¢, EW—HERA R RSk e, B, BIE T,
RGPS T — R, ST RATEER RN, I ZEET DO 2L epsilon 3
BHIESET), mRIESIEEESR:

(58)

}f = Bjjrd—j } 3

The three-valent intertwiner space Inv (}[ i ®H;, ® H js) is also one-dimensional and is spanned by

the 3j -symbol (36). A three-valent invariant tensor must therefore be proportional to the 3j -symbol, with
the coefficient of proportionality determined by contracting both sides of the equation with the 3j -symbol:

SNRIETAN Inv (%6, ® I6;, @ 7¢;,) RN, HR (36) 11 3j FFEIKAK, FIL= MR8k
WL 3] FFERIEL, BRSSP 3) 75 BRI R

(59)
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J1
J2

Js

A four-valent invariant tensor can be expanded using any basis of the four-valent intertwiner space
Inv (}( i ® Q@ H; 4) . The dimension of this space is in general higher than 1, so several possible choices
of basis are available. If we take the basis given by Eq. (37) and keep in mind the normalization of the basis

intertwiners, we can write

PO A A2 5k B AT DA PO 0 52 28 25 ] Tnv (76, ® - ® 7, ) FERERIT. XN RIAER0EH
KT 1, FFEZSAERNERE, MRBATRAR (37) HHE, IHFRICERE FIIH—, Tl
AIDAS H:

(60)
J1
J2
J3 = :E::(ix
X
Ja

Different versions of the identity (60) can be derived by using different bases of the four-valent intertwiner

space. For example, choosing the basis (45), we obtain

T I PO S g S RIS R, o] DA HIESESK (60) IUANFEIFE . BilaH, & (45), FdA]

1551

J1

J2

J3 = :E::Gt‘
[ — X

Ja

(61)
Invariant tensors of valence higher than four can be expanded in a way completely analogous to Egs. (60)

and (61), using any basis of the appropriate intertwiner space.
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RO T PR A ZE5K &, AT DOBE I b e g 7 S RS, DA (60). (61) 522K MURTTT
VI,

An important use of the fundamental theorem of graphical calculus is to simplify graphical diagrams
which carry no external, uncontracted lines and which therefore represent invariant contractions of 3j -
symbols. (If the invariance of a given closed diagram constructed out of 3j -symbols and epsilon tensors
is not immediately apparent, it can be checked by the following criterion: The diagram is invariant if and only
if Egs. (10) and (25) can be used to transform it to a form where each line carries exactly one arrow.) Sup-
pose that an invariant diagram contains a subdiagram which itself represents an N -valent invariant tensor
and that the entire diagram can be divided into two disconnected pieces by cutting the N external lines of
the subdiagram. In such a case the diagram can be simplified (or at least transformed into a different form)
by applying the fundamental theorem to the N - valent intertwiner corresponding to the subdiagram. For
diagrams which can be separated into two pieces by cutting one, two, three, or four lines, this procedure gives

rise to the following graphical identities:

E AR A T B — N EZEN AR A A NIRRT LR, 0R 3) (TS N ERGHFIEE.
RH 3j FF570 epsilon SKEMIEH A S ERAEEAREEREH, ATROEE A MHERR: S5 H
SR PR (10) #1 (25) R B HOV B RLR T —DE LA, BENEZER, ) Rig—DF
ZEEE—NMEERR N NMARRENTFE, HUINNZTER N F&IMRLE, BAER AR
DAEBRIER 7o FEIXMIEIUT, AT DOEIE 2% 7 BN R N 5228 W B AR BER A fRi I (31
EOREAHN 57— MIER). N TN 155, 255 3 5RE4 RERED MR K, 1zl
t PUR B E
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J
= djo ; (62)
J
i = (63)
J1
J2 -
J3
(64)
J1
2
jB =
Ja
(65)

As before, different versions of Eq. (65) can be obtained by selecting different bases on the four-valent
intertwiner space. Equation (65) also generalizes in a straightforward way to the case of cutting a diagram

across more than four lines.

FMZRTHE L4, BRI TS HE AR, "] PISEIK (65) FARIEI. K (65)
A DLEREHE 2T P AR Ze R 1R Do

Example: Biedenharn-Elliot Identity

P e -5 AR T

An instructive example of using the fundamental theorem of graphical calculus is provided by a graphical
proof of the Biedenharn-Elliot identity:

B o B AE B — D B J5 A PRI RIS, fzont g e JEL- S5 BUR 1E 55 XA I FE A

ho b2 Js ho 2 Js
ki ky ks L L L
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=Zd (_1)j1+j2+j3+k1+k2+k3+11+12+l3+x j1 kz k3 kl j2 k3 kl kz j3
~ x L Lil x |l 5 x|

(66)

In loop quantum gravity, the Biedenharn-Elliot identity is relevant to the Ponzano-Regge model [12,39],a
spin foam quantization of three-dimensional Euclidean gravity, where it can be used to show that the partition
function of the model is invariant under the so-called 2-3 Pachner move.

TEE R TS50, HEnRRABRHE S S B AL TA- B AR [12, 39] AHOG, IXBURLE =48R L
HF5 N ETEERE 7, X BRI, A] DUH I ESF SRR HAC 7 R B A IR R IE e 2l 2-3
Mo TR,

We begin from the left-hand side of Eq. (66), using Eq. (47) to express the 6j - symbols in graphical
form. For the second 6j -symbol, we invoke the following theorem about closed diagrams: The value of a
diagram representing an invariant contraction of 3j -symbols is preserved if all the signs and all the arrows in
the diagram are simultaneously reversed. (The proof of this statement is straightforward. After the invariant
diagram has been put into a form where each line carries an arrow, reversing all the arrows produces the factor
(—1)21 , where J is the sum of all the spins in the diagram. Reversing the sign at a node with spins j, j, and j;
multiplies the diagram by (—l)j 1Hhatls , so reversing all the signs also produces the factor (—1)2] , since every
line is connected to exactly two nodes. The total factor arising from the process is therefore (—1)4J =+1.)
Thus, we have a triple of outwardly oriented arrows, as shown by Eq. (25), on each of the three nodes carrying
a + sign in order to ensure that each piece resulting from the cut will represent a proper invariant contraction.

‘We then obtain

BATMR (66) MR, FIFR 47) % 6j HERTHNEBKR. HTHE 1 6j /FE, RATZIA
IR TS B B 5 RN RS E T S SR sk, 1R 3 e R EIREIIE, HAER
FERAE, (ZE5CHIENR B M AT E SN G R — R RE, REFTETLRE
BIRTF (-1, Hep 7 BEPFTE QORI TEHE EVE ju, ), M j; B SRS, SAER L
HF (-1 | W REFEFERAERIET (-1)Y , FERKIREERNA S, Fit
I RERIREE TR DY = +1. ) dutt, FOVEE0R 25) i, SANESNERREEL, 4
FIRLF EAESRIY AL, DUREEIERI S — R R ERIAT G, TERI1EE

+ jl jl -

i 75 53] [ 5. % J
= L {s.
=k1 kzka}{ll ) 13} ’ , ! ‘ 2
+ B . -

J3 J3

(67)
Now we can see that the structure of the graphical diagram matches with the pattern on the right-hand
side of Eq. (64). We may therefore use the fundamental theorem ”in reverse” to join the two 6j -symbols into

a single connected diagram as follows:
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R BT, RXPEFEHS (64) GMATE R~ FIEBANTATLL “fm” (AT,
RS 6 AT SR B NEERE, AR

(68)
(After forming the connected diagram we have noted that, as shown by Eq. (10), the two oppositely

oriented arrows cancel on the lines carrying spins j; and j; .)

(EEEEEBATERS], W Qo) R, HHH B j; M j; WL, AT AR SAHE
#&H. )

The next step will be to cut the diagram on the right-hand side across four lines, using the fundamental
theorem in the form (65). Before doing so, we introduce

N2, BATHIAZANK (65) REATH, XNAMKIEHENFLTIHE, Fitzan, JITL5IA

where we have first applied Eq. (65) to cut the diagram across the lines carrying spins k,, ks, 1, , and I3

and then used the fundamental theorem again to split the new diagram in two pieces by cutting the three
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lines that connect the inner part of the diagram to the outer part. Now each diagram on the second line of
Eq. (69) can be recognized as a 6 j -symbol by comparing with the reference diagram (47), adjusting the signs
and arrows as needed. (It is useful to remember that simultaneously reversing all the signs and all the arrows

does not change the value of a diagram.) For instance, the first diagram is equal to

X EIATE SR K (65) 1HH BIE ky, ks, L T 13 FIEYIEIE, BEE ORI HEEAERE, IHEREN
HRE MBI = 2R ERIE, REFTER D MR, BIE, B S5 SFE (47) M, fERZNIERFSH
g3k, RIRDAHIR (69) 28 —ATHIE AR 6j 175, (LERNREFETFSMATER LA RN
BEE, X—RIREH. ) Blan, F—1TEFET

(_1)j1+k2+k3 (_1)2k2 jl k2 k3 . (70)
X 13 12

To obtain the identity (66), it only remains to carefully keep track of the factors of (—1) , noting that

the triangular conditions satisfied by the triples (ky,[;, x) and (k,, I, x) imply that (—1)2k1+211+2x = 1and

(_1)2k2+212+2x =1.

FRAMEER (66), BANRFEFLRE: (-1) WET, FEIN=JCH (ky, 1y, x) F (ky, L, x) 1528

_m %14:2454/\ ( 1)2k1+211+2x 1 *D (_1)2k2+212+2x =1 .

The Graphical Method in Loop Quantum Gravity

el 5 | P E A

Kinematical States and Elementary Operators

T E S B Y NC R

The kinematical Hilbert space of loop quantum gravity is spanned by the (generalized) spin network
states. A generalized spin network state is labeled by an oriented graph y together with a set of spins j =
{J1» - jn,} associated with the edges of the graph and a set of SU (2) tensors (generalized intertwiners) ¢ =
{11, s lNU} associated with the vertices of the graph (here N, and N, denote the number of edges and vertices
of the graph). The state is a function of N,SU (2) group elements and is defined by

815 hisshEm/R AR SR b (730 BIEMZEESKRK. —N XERMSSHERE y |
—HRKT BB = {ji.....Jn,} ARHXRBTETURE SU Q) KE (7 XR¥EF) =
{ts oo, J RIS (AL N, 1N, 73 AIFREIRO B S TR R, %A N,SU (2) RETHIRREL, &SN

Tyii(Peysoishey) = ® 1, ® DU (h,). (71)

vel(y) ecE(y)
The index structure of the tensor ¢, at a given vertex is adapted to the structure edges incident to the
vertex: If the vertex contains M edges oriented outward and labeled by spins jy, ..., jiy and N — M edges

oriented inward and labeled by spins jyr,1, ---» jn » the tensor ¢, carries M upper indices in the representations
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J1s -+ > jm and N —M lower indices in the representations jps,1, ..., jy - The dotin Eq. (71) denotes a complete
contraction of magnetic indices between the representation matrices and the generalized intertwiners. By
restricting the set of tensors ¢, at each vertex to be the invariant tensors (proper intertwiners) described in
section “Invariant Tensors and Recoupling Theory,” one obtains the proper spin network states, which are
invariant under local SU (2) gauge transformations - see Eq. (74) - and which form a basis on the gauge-

invariant Hilbert space of loop quantum gravity.

LR TURAL TR & 1, FUTEPRESHIERC T AN ENZ TR BIALEH: 25 % TURE M ARSI, FRid B e
N jrs e jua W98, AR N —M Z5ENERIAL ARIEEBEN jagss - v BIA, WISKE o, TEFRR ji, ..., jim
NEH M AR, fEROR jvers .oy MET N — M D MERR. R (71) PRIRFRRERERS
7RG 2 MR R 245, AR B TUSAERT KBRS o IREN “TRKE S HEMEIR”
AINTHIAR AR B (ENZZZET), RIS ZEIEN B ieMZ A, XESERIR SU (2) ITEZ# T
A2 (WK (74)), F EAGRKIE &5 | ITEAZE A /R 2 A — 22

The group elements in Eq. (71) originate classically from holonomies of the Ashtekar connection along
curves in the spatial manifold ), . Given an edge e : [0,1] — ), the holonomy of the Ashtekar connection

Al along the edge is

X (71) VR TEMGEIR T2 FRTE Y, B mRIvhRs REREHIR, il e: [0,1] - Y,
DRI PR -RIRES AL BIRURN

h,[A] = Pexp (—/ A)

o] 1 tl tn—l
=u+Z(—1)"f dtI/ dt, / dt,A(e(ty)) - Ae(ty)),
n=1 0 0 0

(72)

where A (e(t)) = é*(t) AL (e(t))1; , with é° (t) being the tangent vector of e , and P exp denotes the
path ordered exponential, with the largest path parameter ordered to the left. The holonomy satisfies certain
properties which reflect its geometric interpretation as a parallel propagator. Perhaps the most important of
these is the identity

HirAe@®) =e* ()AL (e(t)1;, ¢4(1) 2 e MITNIAIR, P exp RnRIFHE, BESEIAME
FEHER ., FURIH R R AR N AT LANe RS T, HrhREEAESE

heyoe, = heyhe, s (73)

where e; and e, are two edges such that the endpoint of e; coincides with the beginning point of e, and

e, o e; is the combined path formed by e, followed by e, .
/H\:':P €1 %l] () %W%jﬂ, {%E €1 H‘ gg)f_\:';% () E’J@ﬁié\, ey o0e; ZEE, €1 E‘% () éﬁﬁiﬁggé\%?%o

Under a local SU (2) gauge transformation described by a gauge function g (x) € SU (2), the connection
behaves as A, — (48%), = gA,g™' + gd,g~' . This implies the corresponding transformation law of the
holonomy as
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TEHATEREL g (x) € SU (2) AR R SU (2) MVEZRHA T, BRe&im RN A, — (A8), =
8A.8 " + 80,871, HHILATHES: AN SRR B A28 i AN

he [A8] = g(f () he [Al g™ (b (), (74)

where b (e) and f (e) denote the beginning and final points of e . Equation (74) suggests that the indices
m and n of the representation matrix D™, (h, [A]) are associated respectively with the final and beginning
points of the edge e . Our convention for the graphical representation of the Wigner matrices, given by Eq.
(2), has been chosen accordingly so that the direction of the triangle is consistent with the orientation of the

edge in the holonomy h, [A] .

Hrb b (e) 1 f (e) TR e R RMZ R, X (74) R, FoRFEFE DU™, (b, [A]) BIFEHR m Fl n
%b'JXﬂ” WD e FNES RIATIEE R, BATTIEILIEE 13K (2) A N4ERR AR RIIE RN TE, E=METT
15258 h, [A] FIARI7TTA— 2

The elementary operators of loop quantum gravity are the holonomy and flux operators. The holonomy
operator acts as a multiplicative operator:

BRI INEARTR2SRBMEREN, 258 DRERTIEAIER:

D(J)mn(h ) ”L(hel,.. ) pum (h,) ”L(hel,...,heN). (75)
If the edge e coincides with one of the edges e, ..., ey , the action of the holonomy operator on a spin
network state involves essentially the decomposition of the tensor product of two representations, which is

given by the Clebsch-Gordan series (16).

il e 5HKD ey, . , BHEFTN B M SHITE AR B DR K B 7,
27 R v 3R AT ?ﬁ-mﬁé&é& (16) g,

The flux operator arises as a quantization of the classical variable representing the flux of the densitized
triad Ef* through a two-dimensional surface. The action of the flux operator on a spin network state can be
expressed as a linear combination of the left- and right-invariant vector fields of SU (2) . The left- and right-

invariant vector fields act according to the definitions

HREFRAMTRNE LR, REMTRIAEAM = B} o¥d —4ihmpmE, maary
Xt B BEMESASHITER A=A SU (2) E$xl‘1% AT ERBNLEHE, EAESHRE
T B 7AZ IRAN T 2 AEH

(&) .d .
LTy 51 (Reys v ey ) = ZELOT”J" (Peys s hee'™, o By ) s (76)
ROT,., (h h)=-idl 1. Tip, .. h 77
,Jt( SRR eN)__ldt =0 yd’t( ely---ae es o eN)’ ( )

31



where the superscripts indicate that the operators act on the argument h, of the function 7,5, (he1 yeees heN)
. If these operators are applied on the Wigner matrices themselves, it is immediate to see that their action is
given by

He EARFR BT EHTEREL Ty, (heys oo ey ) FIEZE R B, b, AEBRH, HXERFFEZEH
TEYERGYAERE B, HAFRSRN

LODW (he) = iDD (hy) 7, (78)

RODU (h,) = —ir’ DD (h,). (79)

To apply the methods of graphical calculus for calculations in loop quantum gravity, the general strat-
egy is as follows. Firstly, one expresses the spin network states in a graphical form. Secondly, one derives
graphically the action of the two elementary operators on the spin network states. After this has been done,
the action of any well-defined operator constructed out of the elementary operators can be derived by apply-
ing the graphical formalism introduced in sections “Elements of Graphical Calculus” and ”Calculating with

Graphical Diagrams.”

FEE R T 5 1 B B TR IR — BRI AN T B, R B leM ST B, Hik, H
BT 75 TAHE S IR A BT BB SRR SeiXmd e, (EHEARFESH R
EXEFFRIER, #ATLOEd M “EE TR A “ETE diagram R TR AREEIE
AARHMETHRK,

The spin network states defined by Eq. (71) involve two ingredients: the representation matrices DY) (h,)
and the intertwiners ¢, . The graphical representation of the Wigner matrices is given by Eq. (2), while the
graphical representation of intertwiners has been discussed in section “Invariant Tensors and Recoupling
Theory.” Let T;J,, denote the part of a spin network state directly associated with the vertex v . Assume that
the vertex v contains N edgesey, ..., ey , the first M of which are oriented outward and the remaining N—M are
oriented inward. If the intertwiner at v is a tensor of the form (41), the function T;’J’ , isrepresented graphically

by the expression

3 (71) 7 XA B BEMZE S B SN ERER 72 FREERE DY) (k) 1 intertwiner ¢, o ZEFSENFERE IS
JBRRE (2) 4t T intertwiner WEIPRROAE “NEK R SEREGIIL” —THiTe, kT,
72 LSS R BN N T v BIER 7y, BRI v & N Rill ey, ... ey , HARTM FKIAMASNE
A, FRN—M FKIBANER, 15 v 4L intertwiner 24N (41) KR, Wk T MEFRR

N
J2

+

T}}J,j,i(hel 3 oreey h(,’N) —

(80)
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Note that, for each edge oriented outward, the corresponding index of the intertwiner has been raised

using the epsilon tensor.
ER, MERMINERAL, BAIEHMM ¢« KESRTH T intertwinner X MIEHRAIN B

Now let us consider the graphical calculation of the action of the two elementary operators on spin net-
work states. The action of the holonomy operator is encoded in the Clebsch-Gordan series, which is given in
algebraic form by Eq. (16) and in graphical form by Eq. (23). Applying the holonomy operator to the state
(80), and using Eq. (23) to evaluate the resulting action, we find that the action of the holonomy operator can

be represented in graphical form as

IREFRATIE BN D EEARRFE I A e 43S LR ETR IR, 2SR STE sk fi-&
BAEH, PR EBIEEK (16) i, EFEREK (23) Gitt. H2SBFERTE (80),
AR 23) IHRERIREM, BIMTAMESFFHER T DHEFEXRRN

DOmRITL:  (Ry,s s By e s By )

(81)

Consider then the left- and right-invariant vector fields. We want to obtain a graphical expression for
the action of the operators I:Se) and I/Q\(ie) on the function T)}’J’l (hel, s heN) . As the action of the left- and
right-invariant vector fields on a representation matrix is given by Eqgs. (78) and (79), it suffices to recall the
graphical representation of the SU (2) generators Ti(j ) from Eq. (31) to cast the action of these operators into
graphical form. Applying this to the state represented by the diagram (80), we establish that the action of the

left- and right-invariant vector fields on a spin network vertex is given by the graphical expression

%?%%EE$§%E$§@%%O&m%%ﬁﬂﬁ¥ﬁ”ﬂﬂaﬁﬁﬁﬁﬁﬁ@@wmﬂm%t
ETERIES T AR R F RN ERER i (78) 71 (79) fat, AT
B (31) H SU (2) AT o) WEIFR, BIRTIXLES TRIE S MBI IE R, H4 5 2

(80) ZnIAS B, BANSEN: ZEA LA RIIERE B IeML TR _ERIZERE NREFRIARS H
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£0A

(82)

and

(83)

Note that there is a certain sense of consistency between the invariant vector fields and the orientation of
the edge on which they act. If a left-invariant vector field is applied to an outgoing edge, or a right-invariant
vector field to an incoming edge, the action of the operator is localized to the vertex v and can be interpreted

essentially as an action on just the intertwiner ¢, .

IR, PZAESSHERRLREEZ RFE R —8it, HEAZAREMRELDE, 58
AAZRESERENL L, ByEERBRREDUR v, A5 ] IR U ERAESRIE T 1, Lo

Equations (81)-(83) provide the graphical representation of the elementary operators of loop quantum
gravity. The action of any well-defined operator on a spin network state can now be computed graphically by
applying these equations together with the basic rules of graphical calculus presented in sections “Elements
of Graphical Calculus” and ”Calculating with Graphical Diagrams.”

X (81)-(83) At TEIR TSI N EAR FHEER R, R RE B TERTE B M2 S ERgS
R, MEHAUGEERERFES "B HEEM" 1 “EREETE WA HNEEHHEEAM
), @ ERT R RS,

Example: Matrix Elements of the Hamiltonian Constraint
A R R RE e
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The task of computing the matrix elements of the Hamiltonian constraint, which is the operator govern-
ing the dynamics in the canonical formulation of loop quantum gravity, is a typical example of a calculation
which can be performed quite efficiently using the graphical methods presented in this chapter. As an exam-
ple, let us take a look at a version of the Hamiltonian introduced in [52]. The operator is a slight variation of
Thiemann’s well-known construction [45], and it has been studied, e.g., in [55] to investigate the consistency

between the canonical and covariant formulations of the dynamics in loop quantum gravity.

HHRREILR (& 75 ENE RSB 2R BRERTT, BERAENHNEE T
TZLREAR 2 = A A SR T SRR B, R ATk PSR [52] o2 B — MG i SO0 BT
PR, BTN E A4 Thiemann #43E [45] BFIRU/IMERL, EAWTF (FIANSCHR [55]) Bk
B 51 R ENTE RS R R X Bt

The operator corresponds to the Euclidean part of the Hamiltonian constraint and restricted to a given
vertex v of a spin network state; it takes the form

RPN MG E AR AW LS 7y, EIRFIE BRSNS ETR v b BERWT

A=y &*re (e (g, )) PRV (84)
er,eyatv
Here hg,, is the holonomy around the closed triangular loop a;; = syl o ajy o sy, where s; and s are

short segments of the edges e; and e; starting from v, and ay; is an arc connecting the endpoint of s; to the
endpoint of s; . Moreover, each fl-(e) denotes either a left- or a right-invariant vector field, according to whether
the corresponding edge is oriented outward or inward at the vertex - see the remark below Eq. (83) - and
V! is a regularized inverse volume operator (see, e.g., [13, 55]). For the purposes of our example, we will
ignore the inverse volume operator, whose action is not accessible by purely graphical means, and focus on

the remaining part of operator (84):

Hrf hy,, BAE=MIEEIE ar; = s7' o agy o sy BRI RAE, s Ml sy ZEIET v HIIL e Fl e; HIFE
BY, apy JRVERE s, WS s WAL, AN, A SO FRERERARL MRS, BRBRT R
ROBAET AL R A2 NS R AN —2 W (83) T 77 HITERE—IT V! 2 IE N A AR RAT
(Z BN [13, 55])0 N T BRAVORBIH R, AR BEEARELRF, BRERICEGET E
ETERE, BATRRET R (84) KIFIARER:

R re) = €96 Tr (t0DO (g )) JEOJE, 5

Our goal is to calculate the action of the operator hv’el’e2 on a four-valent spin network vertex. For sim-
plicity, assume that all the edges are oriented outwards from the vertex. Then the relevant part of the spin
network function has the form

AT E AR R I LRAT RS, o, TEPUHY I HEMISE TR EIIPERT, ARR I, RI AT A T A
FISNER. AR 2 B BEM£% R EHIAH SR 73

J1 Ja
€1
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DUV () D ) () =

k

++

€3

J2 J3

(86)

where we have chosen a basis of intertwiners where the edges e; and e, , on which the operator If?{iel,ez
will act, are coupled to the internal spin of the intertwiner. (In the name of readability, we commit a slight

abuse of notation by using the edges e; instead of the holonomies h,, to label the triangles in the diagram
representing the spin network state.)

HAFRATER T intertwinner 2%, HfF ]:l\g,el,ez YERRIIL ey A e, TE1%3E FHEE F| intertwinner YA
BHig Cv TR, ATSHIH 7S 150N B M SR E T, TATHL e & 241 h,, K
FRE =A%, )

Each fl-(e) in Eq. (85) will now be a left-invariant vector field. Using Eq. (82) to evaluate the action of these
operators on the state (86), and appending the diagram

R (85) HITEA I BUER R AT B ARG, MR (82) HEIXEHFERS 86) LIUMEH, FKE

(87)

ik Oy — oW,

to the resulting expression, we obtain

MEAnEIE R FRIANX A, BAF2

) 1) = R

(88)
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where ‘ZI]”,{> denotes the state (86). We must then bring in the operator D", (hg,,) - Using the multi-

plicative property (73) of the holonomy, we can break this down as

a12

Heb |T8) T4 (86)o 1% FRBMBESINGALF DO, (ha,,) o FIFIRALIITRIBEIER (73), Tl 17T
PARFEL e

pOn m(hsy)_p(Om' m(hs,)
—
D(l)nm(halz) = D(l)nn’ (hs_ll)D(l)n/m/(halz) D(l)m’m(h52) . (89)
The action of the rightmost holonomy operator on the holonomy DU2) (heZ) can be derived by splitting
the edge e, into the segment s, and the remainder e, - recall Eq. (73) - and applying Eq. (81). After slightly

adjusting the direction of the arrows, we find

BAMRAEAFERA DUD (h,,) ERIVERRT DUZAEHES: K32 e, #5773 NEL s, FIFIRER ) ), — [
it (73)— AR (81), A&7 MRS, 155

J2 J2 J2

D(l)m/m (hsz) €2

D(l)m, m (hsz) )
m' m

J2

J2

S2

+(90)

The operator DO"n’ (hs‘ll) can be treated in the same way, using Eq. (11) for the matrix elements of the

inverse matrix and taking into account the arrows arising from the epsilon tensors. Finally, the holonomy

B DO"p (hgt) W AR RIFER 77 s B, FIFEAEREERE TR (1), JF5 B epsilon 5K& 4
Mgk, fem, &4

(91)
l

D(’)f’l m’(htllz) = n/ TTlI

is attached to the diagram. In the end we have

WMEIEF, REBENFE]
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% deldlg (_1)2f1+212
ISNA)

(92)
The next step is to express the result in terms of known quantities such as 6j - symbols with the help
of the fundamental theorem. We begin by applying Eq. (59) to the three-valent invariant tensor within the

above diagram, thus finding that the diagram is equal to

TP RAMEATHE, BERETN 6j FFERXLCHMEBRTEN, BATELKERX (59) AT LE
= AR E, HILEEIXEET

(93)

J Ui Jasks bidia1g)

where

E

(94)
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Pl ekl ) =

This diagram can be recognized as the so-called 12 j -symbol of the second kind (see, e.g., [49,56]), but we
may equally well continue to use the fundamental theorem to break it down. Clearly the diagram cannot be
split into two disconnected pieces by cutting only three lines. If we cut the four lines connecting the central
part of the diagram to the two outer nodes, as indicated by Eq. (65), we see that

BB FTIBISE 2K 12 755 (BIANZ WSTHR [49,56]), IS FAT T AT DAARSEAI I HE A 0 Ho )
fid, AR, (YR =ZRETCIERIZETR 2 WD EE R T, WERBAHZIEEK (65) IERITT, U]
FERE DRI SR AL, RIS

k+1,—1
il\g,el,ez |7j]f)k> = \/gWh WJZWI Z dlldlde(_l) v

lilp,x

lejzk hog 1 Jo J2 1 11
L L, x x I L x I L x 1

(96)

FGt sk by = ) dx
X

95)

Here the first piece is immediately recognizable as a 6 -symbol, while the second piece can be reduced
to a product of three 6j -symbols by making two horizontal cuts. After simplifying the factors of (—1) , we
obtain the final result of our calculation in the form
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HAEEE — B ATEEIN —1 6 155, TS MNHEBIEE MUOKFUIRIRIZN =1 6 175
RIS, L (1) W7 E, BIEEHERRZEEREA

where |7~3"1k> is the state defined by the diagram in Eq. (93).

Hoft T4, ) 3R (93) IR LA,

Summary

T

In this chapter we have presented an introduction to the graphical calculus of SU (2) , which constitutes
a highly efficient technique for calculations involving SU (2) recoupling theory. The graphical formalism,
which has been originally introduced in the literature as a method for dealing with calculations in the quan-
tum theory of angular momentum, is built out of two key ingredients: (1) a graphical notation consisting of
diagrammatic representations of the elementary objects of SU (2) recoupling theory, such as Clebsch-Gordan
coefficients, Wigner nj-symbols, and Wigner matrices, and (2) the basic properties satisfied by these graphical
diagrams, which follow from the properties of the corresponding non-graphical objects and which promote
the graphical notation into a powerful diagrammatic calculus. In particular, in section ”Calculating with
Graphical Diagrams” we introduced a set of graphical identities which we named the fundamental theorem

of graphical calculus; these identities provide an essential tool for simplifying complicated graphical diagrams.

ARERMNA T SU Q) BEER, ©2A0EW K SU (2) EMAEISITIEN ST . ZEFEHR
sOEN A EE TG R TTERER T, AN MLER 211 BIIEILS, H diagrams &R
SU (2) EREEFICHIFEAIT S, #lU0 Clebsch-Gordan 234, Wigner n-j 755, Wigner 5EF%; (2) X
SER T R AR AE T, IX R B TN M AR BTN RAPERT, ik ET LS &y s K [ i
HE, R, BAE TERITE) —W5IAT —4HERESEN, SEa2NEPEEEAER;
X fE AR L E 2RO T A,

In the graphical approach, any given algebraic expression in SU (2) recoupling theory is represented
in a definite and unambiguous way by a corresponding graphical formula. Calculations can then be per-
formed graphically by following a set of straightforward rules for manipulating graphical diagrams. The re-
sulting transformations of the graph correspond uniquely to algebraic manipulations of the corresponding
non-graphical expressions, so any calculation performed by the graphical method can also be performed by
conventional algebraic techniques. However, the graphical form of the calculation is usually considerably

more concise, efficient, and visually easier to follow.

FEEIETi R, SU (2) EMEEIE AR S R RBERE AR AT DA B BT A BT B SR
o BATATHENE—H M R ERAINERIEETY, SRR, Bt —xt N M AR E R
IR REERSE, FILERIRRESE AR, R RBUTIRRREA] DSER, HEREARITRER
BREGZ, BeRE s, thEETEER,

The graphical calculus of SU (2) provides a very effective practical tool for calculations involving the spin

network states of loop quantum gravity, which have the structure of SU (2) representation matrices, associated
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with the edges of a graph, contracted with intertwiners, or invariant tensors of SU (2) , associated with the
vertices of the graph. By applying the basic definitions of the graphical formalism, the action of the elementary
operators of loop quantum gravity can be cast into a graphical form. Given an operator constructed out of
holonomy and flux operators, the action of the operator on spin network states can then be systematically
computed by applying the rules of graphical calculus. As a concrete example, we considered the calculation
of the matrix elements of a particular version of the Hamiltonian constraint operator in the spin network
basis. Many more examples of the use of graphical calculus in loop quantum gravity can be found in the
articles cited in the bibliography, where graphical techniques have been successfully applied to a variety of
physically relevant and technically quite nontrivial calculations.

SU (2) BB ER R RER 7510 M SIER AR TR, BRMASESEHEN: I
KEK SU (2) FonFERE, EIRTIRGHEK SU (2) B8 (IR ERIKE), FRIXERRERAFEHSE
BHEMLE S, MABEPERAREART L, BT 5 EARERHER ] s hER e T
ER— D EAREAAE R EAFE R ERY, TATERA] DOB N B SN, Rttt &%
BIHERIAE B BEM 4SS EREER, 1ENERSEE], TATHE T BREM LA M RPE G B A
FFRIERETE, S8 Z P EEAEE R 1571 BRI AT DAES % SCERAT 8 S R A HKE], IR LSRR
S22 A7 5% N R IV R RE Z U7/ Y EP NI S NI ot S =R A g L
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