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Graphical techniques provide a very useful practical device for calculations involving the so-called spin
network states, which encode the quantum degrees of freedom of spatial geometry in loop quantum gravity.
Graphical calculus of 𝑆𝑈 (2) , which has been originally introduced in the literature in order to deal with
calculations arising from the coupling of angular momenta in quantum mechanics, can be used as a simple
but powerful method for computing the action of various physically interesting operators in the spin net-
work representation. Compared with conventional manipulation of algebraic expressions, calculations in the
graphical approach are typically more convenient, concise, and visually transparent. The goal of this chapter
is to provide an accessible introduction to graphical methods in 𝑆𝑈 (2) recoupling theory and a brief descrip-
tion of their use as a tool for practical calculations in loop quantum gravity. We introduce the basics of the
graphical formalism and establish the representation of the elementary states and operators of loop quan-
tum gravity in graphical form. Several example calculations are given to illustrate the use of the graphical
techniques, including a computation of the matrix elements of a Hamiltonian constraint operator in the spin
network basis.

图形方法是处理自旋网络态相关计算非常实用的工具，自旋网络态在圈量子引力中编码空间几何
的量子自由度。𝑆𝑈 (2)图形演算最初是为处理量子力学中角动量耦合相关计算提出的，它是一种简
洁且强大的方法，可用于计算自旋网络表示中各类有物理意义的算符的作用。与传统的代数表达式
处理相比，图形方法的计算通常更方便、更简洁，也更直观。本章的目的是通俗易懂地介绍 𝑆𝑈 (2)
重耦理论中的图形方法，简要说明其作为实用计算工具在圈量子引力中的应用。我们介绍图形形式
体系的基础，给出圈量子引力基本态和算符的图形表示，同时通过多个计算示例演示图形技术的用
法，其中包括在自旋网络基下计算哈密顿约束算符的矩阵元。

Keywords

关键词
Loop quantum gravity - Graphical calculus - Spin network states - Intertwiners ⋅Hamiltonian constraint

operator ⋅𝑆𝑈 (2) representation theory ⋅ 𝑆𝑈 (2) recoupling theory ⋅ Angular momentum diagrams
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圈量子引力-图形演算-自旋网络态-缠结算子 ⋅哈密顿约束算符 ⋅𝑆𝑈 (2)表示论 ⋅ 𝑆𝑈 (2)重耦合理论 ⋅
角动量图

Introduction

引言
Loop quantum gravity provides a non-perturbative and background-independent approach to the quan-

tization of general relativity (see, e.g., [10,40,44,47] for books and [9, 11, 27, 28, 38, 41, 46] for review articles).
The theory incorporates a key lesson of general relativity - that the gravitational field and the geometry of
spacetime are essentially the same physical entity - and is built on a rigorous mathematical foundation. In
the past 30 years, loop quantum gravity has developed into one of the main candidates for a quantum theory
of gravitation, both its canonical (Hamiltonian) and covariant (Lagrangian) formulations.

圈量子引力为广义相对论的量子化提供了一种非微扰且不依赖背景的方法 (相关专著参见例如
[10,40,44,47]，综述文章参见 [9, 11, 27, 28, 38, 41, 46] )。该理论吸收了广义相对论的核心结论——引
力场与时空几何本质上是同一物理实体，并建立在严谨的数学基础之上。过去 30年间，圈量子引
力已经发展成为量子引力理论的主要候选之一，同时拥有正则 (哈密顿)表述和协变 (拉格朗日)表
述。

At the heart of loop quantum gravity are the so-called spin network states, which encode the quantum
degrees of freedom of discrete, quantized spatial geometries [42, 43]. The use of graphical techniques for
calculations involving spin network states has a long history in loop quantum gravity. The articles introducing
the spin network representation [42,43] and performing some of the first detailed computationswith operators
in the spin network basis (e.g., [15,17]) made extensive use of graphical methods which can be traced back
to Penrose’s diagrammatic tensor calculus [37] and the tangle-theoretic recoupling theory due to Kauffman
and Lins [30]. A related but arguably more powerful graphical formalism for 𝑆𝑈 (2) recoupling theory was
originally developed to deal with calculations arising from the coupling of angular momenta in quantum
mechanics and has been presented in slightly different versions by Yutsis et al. [56], Brink and Satchler [16],
and Varshalovich et al. [49]. All these methods consist of two ingredients: graphical representation and
graphical calculation. An algebraic formula involving objects of 𝑆𝑈 (2) recoupling theory is first represented
by a corresponding graphical diagram in a unique and unambiguous way. Then the graphical calculation
will be performed following certain simple rules for transforming graphical expressions, which correspond
uniquely to algebraic manipulations of the corresponding nongraphical formulae.
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圈量子引力的核心是所谓的自旋网络态，它编码了离散量子化空间几何的量子自由度 [42, 43]。在
圈量子引力中，使用图形技术对自旋网络态进行计算有着悠久的历史。介绍自旋网络表示 [42,43]、
并在自旋网络基下对算符完成首批详细计算 (例如 [15,17])的文章就大量使用了图形方法，这些方
法可追溯至彭罗斯的张量图解微积分 [37]，以及考夫曼和林斯的扭结理论重耦理论 [30]。另一种与
之相关、但能力更强的 𝑆𝑈 (2)重耦理论图形形式，最初是为处理量子力学中角动量耦合产生的计
算发展而来，Yutsis等人 [56]、Brink和 Satchler[16]以及 Varshalovich等人 [49]分别给出了略有不
同的版本。所有这些方法都包含两个部分:图形表示与图形计算。涉及 𝑆𝑈 (2)重耦理论对象的代数
公式首先会以唯一明确的方式表示为对应图形，之后遵循特定的简单规则对图形表达式进行变换即
可完成图形计算，这些变换与非图形公式的代数操作一一对应。

The graphical methods originating from the literature of quantum angular momentum provide a very
useful tool for practical calculations in loop quantum gravity. Examples of calculations towhich 𝑆𝑈 (2) graph-
ical calculus has been successfully applied include studying the action of geometric operators (such as the
volume operator [8, 42]) [13, 17, 51, 53, 54] and the Hamiltonian constraint operator [4, 6, 7, 26, 35] in the spin
network basis; examining the consistency [5, 48, 55] between the dynamics defined by Thiemann’s Hamilto-
nian constraint [45] and the EPRL (Engle-Pereira-Rovelli-Livine) spin foam model [22,24,29]; analysis of the
semiclassical limit of the Barrett-Crane spin foammodel [3]; and a proof of invariance of a lattice formulation
of 𝐵𝐹 theory under Pachner moves [31]. Pedagogical presentations of these graphical techniques and their
use in loop quantum gravity have been given in [34,36].

源自量子角动量领域的图形方法，是圈量子引力实际计算中非常实用的工具。𝑆𝑈 (2)图形微积分已经
成功应用于多项计算，包括:研究几何算符 (例如体积算符 [8, 42]) [13, 17, 51, 53, 54]和哈密顿约束算
符 [4, 6, 7, 26, 35] )在自旋网络基下的作用；检验蒂曼哈密顿约束定义的动力学 [45]与 EPRL(Engle-
Pereira-Rovelli-Livine)自旋泡沫模型 [22,24,29]之间的一致性 [5, 48, 55]；分析巴雷特-克兰自旋泡
沫模型的半经典极限 [3]；证明 𝐵𝐹 理论的格点表述在帕奇纳移动下不变 [31]。已有文献 [34,36]对
这些图形技术及其在圈量子引力中的应用做了教学性介绍。

Various generalizations and extensions of the graphical method have been developed to extend its reach
beyond calculations involving purely 𝑆𝑈 (2) recoupling theory. In particular, graphical calculus of the group
𝑆𝐿 (2, ℂ) plays an essential role in the analysis of EPRL spin foam amplitudes (see, e.g., [38] for a review, or
the recent articles [19, 20, 25] for a selection of examples). The graphical approach has also been extended to
𝑆𝑈 (3) in connectionwithYang-Mills theory coupled to loop quantumgravity [32], to𝑂𝑆𝑝 (1 ∣ 2) in the context
of loop quantum supergravity [33], and to the quantum group 𝑆𝑈(2)𝑞 (see, e.g., [14, 18] ). Furthermore,
graphical techniques been applied to calculations in quantum-reduced loop gravity [1, 2] .

人们已经开发出图形方法的多种推广与扩展，将其应用范围拓展到纯 𝑆𝑈 (2)重耦理论计算之外。尤
其是群 𝑆𝐿 (2, ℂ)图形微积分，在分析 EPRL自旋泡沫振幅中起到核心作用 (例如综述参见 [38]，代
表性例子参见近期文章 [19, 20, 25] )。图形方法还结合杨-米尔斯理论与圈量子引力耦合的研究拓展
到 𝑆𝑈 (3)，在圈量子超引力背景下拓展到 𝑂𝑆𝑝 (1 ∣ 2)，还拓展到量子群 𝑆𝑈(2)𝑞 (例如参见 [14, 18]
)。此外，图形技术也已经应用于约化量子圈引力中的计算 [1, 2]。

Such advanced applications, however, are decidedly outside the scope of our discussion. The purpose
of this chapter is limited to giving an accessible introduction to the graphical calculus of 𝑆𝑈 (2) recoupling
theory and explaining how these graphical techniques can be applied to concrete calculations in loop quantum
gravity in the spin network representation. After introducing the elements of the graphical formalism in
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section ”Elements of Graphical Calculus” and the highly useful fundamental theorem of graphical calculus
in section ”Calculatingwith Graphical Diagrams,” we establish the graphical representation of the elementary
states and operators of loop quantum gravity in section ”The Graphical Method in Loop Quantum Gravity”
and illustrate their use with an example calculation of the matrix elements of the Hamiltonian constraint
operator. The chapter is concluded with a brief summary in section ”Summary.”

然而，这类高级应用显然超出了本文的讨论范围。本章的目的仅限于通俗易懂地介绍 𝑆𝑈 (2)重耦
理论的图形计算，讲解这些图形技术如何应用于自旋网络表象下圈量子引力的具体计算。我们会在
“图形计算基础”一节介绍图形形式体系的基本要素，在“图形图计算”一节介绍极具实用性的图
形计算基本定理，随后在“圈量子引力中的图形法”一节建立圈量子引力基本态和算符的图形表示，
并通过计算哈密顿约束算符的矩阵元实例演示它们的用法。本章最后在“总结”一节给出简要总结。

Elements of Graphical Calculus

图形演算基础
In this section, we introduce a diagrammatic notation for the fundamental objects of 𝑆𝑈 (2) represen-

tation theory and establish the basic rules for manipulating such diagrams. The conventions we choose are
not in complete agreement with any standard reference on the subject, although they follow quite closely the
conventions of Brink and Satchler [16]. Our discussion is interlaced with a concise summary of the necessary
elements of 𝑆𝑈 (2) representation theory, but does not provide a comprehensive review. If necessary, we en-
courage the reader to consult some of the many available references on Lie groups and the quantum theory
of angular momentum (e.g., [16, 21, 23, 50] ).

本节我们将为 𝑆𝑈 (2)表示论的基础对象引入图示记法，并建立这类图的基本操作规则。我们选用
的约定虽与该主题现有任一标准参考文献都不完全一致，但总体非常贴近 Brink和 Satchler[16]的
约定。我们的讨论穿插汇总了 𝑆𝑈 (2)表示论的必要基础内容，但并未给出全面综述。如有需要，我
们建议读者查阅现有众多关于李群和角动量量子理论的参考资料 (例如 [16, 21, 23, 50] )。

SU(2) Representation Theory

SU(2)表示论
The fundamental representation of 𝑆𝑈 (2) , the group of unitary 2 × 2matrices with determinant +1, is

realized by the natural action of these matrices on ℂ2 . Higher irreducible representations can be described
in terms of the states |𝑗𝑚⟩ , which are the familiar eigenstates of angular momentum (|𝑗𝑚⟩ is an eigenstate of
the operators 𝐽2 and 𝐽𝑧 with respective eigenvalues 𝑗 (𝑗 + 1) and 𝑚) . The spin- 𝑗 representation of 𝑆𝑈 (2) is
realized on the (2𝑗 + 1) -dimensional spaceℋ𝑗 spanned by the states |𝑗𝑚⟩ with a fixed value of the quantum
number 𝑗 .
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行列式为 +1的幺正 2× 2矩阵群 𝑆𝑈 (2)的基础表示，由这些矩阵在 ℂ2上的自然作用实现。更高阶
的不可约表示可以通过态 |𝑗𝑚⟩描述，这些态就是我们熟知的角动量本征态，(|𝑗𝑚⟩是算符 𝐽2 和 𝐽𝑧
的本征态，本征值分别为 𝑗 (𝑗 + 1)和𝑚)。𝑆𝑈 (2)的自旋- 𝑗表示实现于由量子数 𝑗固定的态 |𝑗𝑚⟩张
成的 (2𝑗 + 1)维空间ℋ𝑗 上。

The matrices representing elements of 𝑆𝑈 (2) onℋ𝑗 are known as theWigner matrices. We denote their
matrix elements by

𝑆𝑈 (2)的元素在ℋ𝑗 上的表示矩阵称为维格纳矩阵。我们将其矩阵元记作

𝐷(𝑗)𝑚
𝑛 (𝑔) = ⟨𝑗𝑚 ||𝐷(𝑗) (𝑔)|| 𝑗𝑛⟩. (1)

To express these matrix elements in graphical form, we adopt the notation

为了用图形形式表示这些矩阵元，我们采用记号

(2)

with the tip of the triangle pointing toward the upper index.

三角形的尖端指向 upper指标。

A fundamental invariant tensor onℋ𝑗 (the epsilon tensor) is defined by

ℋ𝑗 上的一个基本不变张量 (epsilon张量)定义为

𝜀(𝑗)𝑚𝑛 = (−1)𝑗−𝑚𝛿𝑚,−𝑛, 𝜀(𝑗)𝑚𝑛 = (−1)𝑗−𝑚𝛿𝑚,−𝑛. (3)

Note that we define the tensor with upper indices to be numerically equal to its counterpart with lower
indices. From its definition, we see that the epsilon tensor satisfies the properties

注意我们定义带 upper指标的张量在数值上等于对应的带 lower指标的张量。从它的定义可以看出，
epsilon张量满足性质

𝜀(𝑗)𝑛𝑚 = (−1)2𝑗𝜀(𝑗)𝑚𝑛, 𝜀(𝑗)𝑚𝑚′𝜀(𝑗)𝑚′𝑛 = (−1)2𝑗𝛿𝑛𝑚. (4)

The epsilon tensor can be used to raise and lower indices of vectors onℋ𝑗 . We choose the convention

epsilon张量可用于升降ℋ𝑗 上矢量的指标。我们采用约定

7



𝑣𝑚 = 𝜀(𝑗)𝑚𝑛𝑣𝑛, 𝑣𝑚 = 𝑣𝑛𝜀(𝑗)𝑛𝑚. (5)

The tensor 𝜀(𝑗)𝑚𝑛 is represented graphically by a line carrying an arrow and a label indicating the represen-
tation 𝑗 . The two ends of the line correspond to the indices 𝑚 and 𝑛 , with the arrow pointing from 𝑚 to 𝑛
:

张量 𝜀(𝑗)𝑚𝑛的图形表示为一条带箭头的线，以及标注表示 𝑗的标签。线的两端对应指标𝑚和 𝑛，箭头
从𝑚指向 𝑛 :

(6)

The tensor 𝜀(𝑗)𝑚𝑛 , which is numerically equal to 𝜀(𝑗)𝑚𝑛 , is represented by the same diagram. We also
introduce a line without an arrow to represent the unit tensor (Kronecker delta):

数值上等于 𝜀(𝑗)𝑚𝑛的张量 𝜀(𝑗)𝑚𝑛也用同样的图表示。我们还引入不带箭头的线来表示单位张量 (克罗
内克 delta):

(7)

The properties (4) translate to identities satisfied by the graphical objects (6) and (7). The first property
implies that the direction of the arrow can be reversed according to the rule

性质 (4)转化为图形对象 (6)和 (7)满足的恒等式。第一个性质表明，可以按照如下规则反转箭头方
向

(8)

In the graphical formalism, contraction of magnetic indices is represented by connecting the two ends of
lines corresponding to the contracted index. The second property (4) then shows that two consecutive arrows
behave according to the rules

在图形形式体系中，磁指标的缩并通过连接对应缩并指标的线端来表示。然后性质 (4)的第二条表
明，两个连续箭头遵循如下规则

(9) (10)
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where the second relation is obtained by combining Eqs. (8) and (9).

其中第二个关系式由式 (8)和 (9)结合得到。

If the names of the magnetic indices are irrelevant or clear from the context, it is typical to not write the
indices explicitly in graphical diagrams such as (6) or (7), as we have already done in Eqs. (8)-(10).

如果磁指标的名称无关紧要或可从上下文看出，通常就不会像我们已经在式 (8)-(10)中做的那样，
在 (6)或 (7)这类图形中明确写出指标。

Using the fact that the epsilon tensor is invariant under the action of 𝑆𝑈 (2) on its indices, one can deduce
the expression

利用 epsilon张量在 𝑆𝑈 (2)作用于其指标下不变这一性质，可以推导出表达式

𝐷(𝑗)𝑚
𝑛 (𝑔−1) = 𝜀(𝑗)𝑚𝑚′𝜀(𝑗)𝑛𝑛′𝐷(𝑗)𝑛′

𝑚′ (𝑔)

(11)
for the matrix elements of the inverse matrix 𝐷(𝑗) (𝑔−1) in terms of the matrix 𝐷(𝑗) (𝑔) . Equivalently, we

have the graphical equation

用于表示逆矩阵 𝐷(𝑗) (𝑔−1)关于矩阵 𝐷(𝑗) (𝑔)的矩阵元。等价地，我们有图形方程

(12)
The great orthogonality theorem for compact groups states that the matrix elements of the Wigner ma-

trices satisfy

紧群的大正交性定理指出，维格纳矩阵的矩阵元满足

∫𝑑𝑔𝐷(𝑗)𝑚𝑛 (𝑔)𝐷(𝑗′)𝑚′
𝑛′ (𝑔) =

1
𝑑𝑗
𝛿𝑗𝑗′𝛿𝑚

′
𝑚 𝛿𝑛𝑛′ , (13)

where 𝑑𝑔 is the Haar measure of 𝑆𝑈 (2) and 𝑑𝑗 = 2𝑗 + 1 is a common abbreviation for the dimension of
the spaceℋ𝑗 . To express the orthogonality theorem in graphical form, it is convenient to start by using Eq.
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(11) together with unitarity, i.e., 𝐷(𝑗) (𝑔†) = 𝐷(𝑗) (𝑔−1) , to derive an equation in which the complex conjugate
has been removed. Then expressing this equation in graphical notation, one obtains

其中 𝑑𝑔是 𝑆𝑈 (2)的哈尔测度，𝑑𝑗 = 2𝑗 + 1是空间ℋ𝑗 维数的常用缩写。为了将正交性定理表示为
图论形式，我们可以先结合式 (11)与幺正性 (即 𝐷(𝑗) (𝑔†) = 𝐷(𝑗) (𝑔−1) )推导出一个移除了复共轭的
方程，再将该方程用图符号表示，即可得到

(14)

Wigner 3j-symbol

维格纳 3j符号
Two sets of basis states on the tensor product space ℋ𝑗1 ⊗ ℋ𝑗2 are given by the ”uncoupled” states

|𝑗1𝑚1⟩ |𝑗2𝑚2⟩ and the ”coupled” states |𝑗1𝑗2; 𝑗𝑚⟩ , which are defined as the eigenstates of the complete sets
of mutually commuting operators {(𝐽(1))2, 𝐽(1)𝑧 , (𝐽(2))2, 𝐽(2)𝑧 } and {(𝐽(1))2, (𝐽(2))2, (𝐽(1) + 𝐽(2))2, 𝐽(1)𝑧 + 𝐽(2)𝑧 } . The
change of basis between the two bases is given by

张量积空间ℋ𝑗1 ⊗ℋ𝑗2 上存在两组基矢态，分别是”未耦合”态 |𝑗1𝑚1⟩ |𝑗2𝑚2⟩和”耦合”态 |𝑗1𝑗2; 𝑗𝑚⟩，
它们分别被定义为对易算子完全集 {(𝐽(1))2, 𝐽(1)𝑧 , (𝐽(2))2, 𝐽(2)𝑧 }和 {(𝐽(1))2, (𝐽(2))2, (𝐽(1) + 𝐽(2))2, 𝐽(1)𝑧 + 𝐽(2)𝑧 }
的本征态。两组基之间的基变换由下式给出

|𝑗1𝑚1⟩ |𝑗2𝑚2⟩ = ∑
𝑗𝑚

𝐶(𝑗1𝑗2𝑗)𝑚1𝑚2
𝑚 |𝑗1𝑗2; 𝑗𝑚⟩ , (15)

where𝐶(𝑗1𝑗2𝑗)𝑚1𝑚2
𝑚 are theClebsch-Gordan coefficients of𝑆𝑈 (2) . In the physics literature, theClebsch-

Gordan coefficients are usually denoted by a notation such as ⟨𝑗1𝑚1, 𝑗2𝑚2 ∣ 𝑗𝑚⟩ . The purpose of our notation
is to indicate the index structure of the Clebsch-Gordan coefficient when seen as an 𝑆𝑈 (2) tensor. The phases
of the Clebsch-Gordan coefficients are fixed by the nearly universally followed Condon-Shortley convention
(see, e.g., [16,21,49]). Under theCondon-Shortley convention, all Clebsch-Gordan coefficients are real-valued,
and the coefficients𝐶(𝑗1𝑗2𝑗)𝑚1𝑚2𝑚 of the inverse transformation, expressing the coupled states |𝑗1𝑗2; 𝑗𝑚⟩ in the
uncoupled basis, are numerically equal to the coefficients 𝐶(𝑗1𝑗2𝑗)𝑚1𝑚2

𝑚 themselves. The Clebsch-Gordan
coefficients also feature in the so-called Clebsch-Gordan series
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其中 𝐶(𝑗1𝑗2𝑗)𝑚1𝑚2
𝑚 是 𝑆𝑈 (2)的克莱布希-高登系数。在物理学文献中，克莱布希-高登系数通常采

用 ⟨𝑗1𝑚1, 𝑗2𝑚2 ∣ 𝑗𝑚⟩这类记号表示。我们采用该记号的目的是，当克莱布希-高登系数被视作一个
𝑆𝑈 (2)张量时，可以明确体现它的指标结构。克莱布希-高登系数的相位由几乎得到普遍遵循的康
登-肖特利约定确定 (例如参见文献 [16,21,49])。在康登-肖特利约定下，所有克莱布希-高登系数都
是实值的；用于以非耦合基表示耦合态 |𝑗1𝑗2; 𝑗𝑚⟩ 的逆变换系数 𝐶(𝑗1𝑗2𝑗)𝑚1𝑚2𝑚 ，在数值上与系数
𝐶(𝑗1𝑗2𝑗)𝑚1𝑚2

𝑚本身相等。克莱布希-高登系数也出现在所谓的克莱布希-高登级数中

𝐷(𝑗1)𝑚1𝑛1 (𝑔) 𝐷(𝑗2)𝑚2𝑛2 (𝑔) = ∑
𝑗𝑚𝑛

𝐶(𝑗1𝑗2𝑗)𝑚1𝑚2𝑚𝐶(𝑗1𝑗2𝑗)𝑛1𝑛2
𝑛𝐷(𝑗)𝑚

𝑛 (𝑔) , (16)

which can be derived by studying how the state (15) transforms under an 𝑆𝑈 (2) rotation.

这可以通过研究式 (15)的态在 𝑆𝑈 (2)旋转下的变换方式推导得到。

An object closely related to the Clebsch-Gordan coefficient is the Wigner 3𝑗 - symbol. The 3𝑗 -symbol is
constructed by using the epsilon tensor to lower the last index of the Clebsch-Gordan coefficient (and multi-
plying with a numerical factor):

与克莱布希-高登系数密切相关的一个对象是维格纳 3𝑗 -符号。该 3𝑗 -符号通过利用 epsilon张量降
克莱布希-高登系数的最后一个指标 (再乘以一个数值因子)构造得到:

( 𝑗1 𝑗2 𝑗3
𝑚1 𝑚2 𝑚3

) = 1

√𝑑𝑗3
(−1)𝑗1−𝑗2+𝑗3𝐶(𝑗1𝑗2𝑗3)𝑚1𝑚2

𝑛𝜀(𝑗3)𝑛𝑚3 . (17)

The value of the 3𝑗 -symbol is nonvanishing only if the spins 𝑗1, 𝑗2 , and 𝑗3 fulfill the triangular conditions
or Clebsch-Gordan conditions

仅当自旋 𝑗1, 𝑗2和 𝑗3满足三角条件 (即克莱布希-高登条件)时，3𝑗符号的值才不为零

|𝑗1 − 𝑗2| ≤ 𝑗3 ≤ 𝑗1 + 𝑗2, and 𝑗1 + 𝑗2 + 𝑗3 is an integer, (18)

and the magnetic quantum numbers sum up to zero

且磁量子数总和为零

𝑚1 +𝑚2 +𝑚3 = 0 (19)

In the graphical notation, the 3𝑗 -symbol is taken as a fundamental object due to its higher degree of
symmetry over the Clebsch-Gordan coefficient. The 3𝑗 -symbol is represented graphically by a node with
three lines connected to it:

在图形记号中，由于 3𝑗 -符号比克莱布希-高登系数具有更高的对称性，它被视为基础对象。3𝑗 -符
号的图形表示为一个连接三条线的节点:
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( 𝑗1 𝑗2 𝑗3
𝑚1 𝑚2 𝑚3

) =
𝑗1

𝑗2 𝑗3
+

(20)

The cyclic order of the spins is indicated by a + or - sign next to the node. The two signs represent,
respectively, anticlockwise and clockwise ordering of the spins. Thus, a node with a minus sign represents
the 3𝑗 -symbol

自旋的循环顺序由节点旁的 + 号或-号标记。两个符号分别对应自旋的逆时针顺序和顺时针顺序。
因此，带负号的节点代表 3𝑗符号

𝑗2 = 𝑗3 = ( 𝑗1 𝑗3 𝑗2
𝑚1 𝑚3 𝑚2

) = 𝑗1𝑗2. (21)

From Eqs. (17) and (20), it follows that the graphical representation of the Clebsch-Gordan coefficient is
given by

由式 (17)和 (20)可得，克莱布希-高登系数的图表示为

(22)

The Clebsch-Gordan series (16) then takes the graphical form

克莱布许-高登级数 (16)可写成如下图形形式

(23)

The 3𝑗 -symbol enjoys a number of convenient symmetry properties. Interchanging any two columns
in the symbol is equivalent to multiplying the symbol by (−1)𝑗1+𝑗2+𝑗3 (so in particular, the symbol is invari-
ant under cyclic permutations of the columns). The same multiplicative factor results if the sign of all the
magnetic numbers is reversed. Translated to graphical notation, these statements imply that the diagram
representing the 3𝑗 -symbol satisfies the following basic properties:
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3𝑗 符号具有诸多便捷的对称性。任意交换两列等价于将原符号乘以 (−1)𝑗1+𝑗2+𝑗3 (因此该符号在列
的循环置换下保持不变)。当所有磁量子数同时变号时，也会得到相同的乘积因子。转换为图形记
号后，上述结论意味着代表 3𝑗符号的图满足以下基本性质:

(24)

i.e., reversing the sign is equivalent to multiplying the diagram with the phase factor (−1)𝑗1+𝑗2+𝑗3 , and

即，变号等价于给图乘一个相位因子 (−1)𝑗1+𝑗2+𝑗3 ，且

(25)

i.e., a node with an identically oriented arrow on each line is equivalent to a node with no arrows. The
3𝑗 -symbol also satisfies certain orthogonality relations, which encode the orthonormality of the coupled and
uncoupled bases and which can be expressed graphically as

即，所有边箭头方向一致的结点等价于不带箭头的结点。3𝑗符号还满足若干正交关系，这些关系编
码了耦合基与非耦合基的标准正交性，可图形化表示为

(27)

(26)
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Further properties of the 3𝑗 -symbol include the identity

3𝑗符号的其他性质包括如下恒等式

+
𝑗
∑
𝑗′
0 = 𝛿𝑗𝑗′

1

√𝑑𝑗
𝑗 (28)

which shows how the 3𝑗 -symbol reduces to the epsilon tensor when one of the spins is equal to zero.

它展示了当其中一个自旋为零时，3𝑗符号如何退化为 ε张量。

Certain familiar objects of 𝑆𝑈 (2) representation theory can be expressed in graphical form by relating
them to the 3𝑗 -symbol. The anti-Hermitian generators 𝜏(𝑗)𝑖 in the spin- 𝑗 representation are defined by the
matrix elements:

𝑆𝑈 (2)表示论中某些常见对象可以通过关联 3𝑗符号写成图形形式。自旋- 𝑗表示中的反厄米生成元
𝜏(𝑗)𝑖 由如下矩阵元定义:

(𝜏(𝑗)𝑖 )
𝑚
𝑛 = −𝑖⟨𝑗𝑚 |𝐽𝑖| 𝑗𝑛⟩. (29)

However, theWigner-Eckart theorem (see, e.g., [16, 21, 49]) states that thematrix elements of the angular
momentum operator are given by

但维格纳-埃克特定理 (例如参见文献 [16, 21, 49])指出，角动量算符的矩阵元由下式给出

⟨𝑗𝑚 |𝐽𝑖| 𝑗𝑛⟩ = (𝑗 || 𝐉 || 𝑗) 𝐶(𝑗1𝑗)
𝑛𝑖
𝑚, (30)

where the so-called reduced matrix element (𝑗 || 𝐉 ∥ 𝑗) is independent of the magnetic indices𝑚, 𝑛 , and
𝑖 . The value of the reduced matrix element, (𝑗 ‖‖𝐉

‖
‖ 𝑗) = √𝑗 (𝑗 + 1) , can be deduced, e.g., by considering a

complete contraction of Eq. (30) with itself and recalling that the Condon-Shortley convention fixes the sign
of the coefficient 𝐶(𝑗1𝑗)

𝑗0
𝑗 to be positive. In this way one finds that the generators are represented graphically

by

其中所谓的约化矩阵元 (𝑗 || 𝐉 ∥ 𝑗)与磁量子数𝑚, 𝑛、𝑖无关。约化矩阵元的值 (𝑗 ‖‖𝐉
‖
‖ 𝑗) = √𝑗 (𝑗 + 1)

可以通过例如对式 (30)做完全缩并，再结合康登-肖特利约定要求系数 𝐶(𝑗1𝑗)
𝑗0
𝑗 的符号为正推导得

到。由此我们可以得到生成元的图形表示如下:

(31)
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where we have introduced the abbreviation

其中我们引入了如下缩写

𝑊 𝑗 = √𝑗 (𝑗 + 1) (2𝑗 + 1). (32)

Moreover, if we use the diagram

此外，如果我们用下图

(33)

to denote a vector with an index in the 𝑗 = 1 representation, we can write down the expression

表示一个指标属于 𝑗 = 1表示的向量，我们就可以写出表达式

(34)

for the triple product of three vectors contracted with the completely antisymmetric tensor 𝜀𝑖𝑗𝑘 . This
is based on the observation that the 3𝑗 -symbol with spins 𝑗1 = 𝑗2 = 𝑗3 = 1 , being antisymmetric un-
der the interchange of any two columns, must be proportional to 𝜀𝑚1𝑚2𝑚3 , and that a triple product ex-
pressed in the Cartesian basis is related to the same product calculated in the spherical basis by 𝜀𝑖𝑗𝑘𝑢𝑖𝑣𝑗𝑤𝑘 =
−𝑖𝜀𝑚1𝑚2𝑚3𝑢𝑚1𝑣𝑚2𝑤𝑚3 . (The spherical components of a vector 𝐯 in ℝ3 are given in terms of the Cartesian
components by 𝑣+ = − 1

√2
(𝑣𝑥 − 𝑖𝑣𝑦) , 𝑣0 = 𝑣𝑧, 𝑣− = 1

√2
(𝑣𝑥 + 𝑖𝑣𝑦) .)

来表示三个向量与全反对称张量 𝜀𝑖𝑗𝑘缩并得到的三重积。这一表达基于如下观察:自旋为 𝑗1 = 𝑗2 =
𝑗3 = 1的 3𝑗符号在任意交换两列时反对称，因此必然正比于 𝜀𝑚1𝑚2𝑚3 ，且笛卡尔基下的三重积和
球基下计算的同一三重积差因子 𝜀𝑖𝑗𝑘𝑢𝑖𝑣𝑗𝑤𝑘 = −𝑖𝜀𝑚1𝑚2𝑚3𝑢𝑚1𝑣𝑚2𝑤𝑚3 。(向量 𝐯在 ℝ3 中的球分量
可由笛卡尔分量通过 𝑣+ = − 1

√2
(𝑣𝑥 − 𝑖𝑣𝑦) , 𝑣0 = 𝑣𝑧, 𝑣− = 1

√2
(𝑣𝑥 + 𝑖𝑣𝑦)给出。)

Invariant Tensors and Recoupling Theory

不变张量与重耦合理论
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In the context of loop quantum gravity, a particularly important property of the 3𝑗 - symbol is its invari-
ance under 𝑆𝑈 (2) transformations. With the help of Eq. (16), one can show that

在圈量子引力的语境中，3𝑗符号的一个尤其重要的性质是它在 𝑆𝑈 (2)变换下的不变性。借助式 (16)，
可以证明

𝐷(𝑗1)𝑚1𝑛1 (𝑔) 𝐷(𝑗2)𝑚2𝑛2 (𝑔) 𝐷(𝑗3)𝑚3𝑛3 (𝑔) (
𝑗1 𝑗2 𝑗3
𝑚1 𝑚2 𝑚3

) = (𝑗1 𝑗2 𝑗3
𝑛1 𝑛2 𝑛3

) . (35)

A notation such as

我们通常采用如下记号

(36)

is commonly adopted to denote the 3𝑗 -symbol if one wishes to emphasize its interpretation as an invari-
ant tensor. The indices of the tensor can be raised with the epsilon tensor in the usual way. In particular,
the relation (25) shows that the tensor (𝜄(𝑗1𝑗2𝑗3))𝑚1𝑚2𝑚3 , obtained by raising all the indices of the tensor (36),
is numerically equal to 𝜄(𝑗1𝑗2𝑗3)𝑚1𝑚2𝑚3 . Furthermore, the orthogonality relation (26) implies that the tensor (36) is
normalized to 1 .

来表示 3𝑗符号，当我们希望强调它作为不变张量的解释时就会使用这种记法。张量的指标可以按
常规方法用 epsilon张量升标。特别地，关系式 (25)表明，对张量 (36)的所有指标升标后得到的张
量 (𝜄(𝑗1𝑗2𝑗3))𝑚1𝑚2𝑚3 在数值上等于 𝜄(𝑗1𝑗2𝑗3)𝑚1𝑚2𝑚3 。此外，正交关系 (26)意味着张量 (36)归一化为 1。

The 3𝑗 -symbol and the epsilon tensor are the basic building blocks out of which invariant tensors of
higher valence can be constructed. For example, using the epsilon tensor to contract two 3𝑗 -symbols on one
index, we obtain the four-valent invariant tensor

3𝑗符号和 epsilon张量是构造更高价不变张量的基础构件。例如，利用 epsilon张量对两个 3𝑗符号
的一个指标缩并，我们可以得到四价不变张量

(37)
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From the invariance of the 3𝑗 -symbol and the epsilon tensor, it follows that the tensor (37) is also in-
variant under the action of 𝑆𝑈 (2) . Note that invariant tensors whose index structure consists of a mixture
of upper and lower indices satisfy 𝑆𝑈 (2) invariance in the form where a representation matrix acts on each
lower index, while the inverse matrix acts on each upper index. For instance, the tensor (37) with the first
index raised satisfies

由 3𝑗符号和 epsilon张量的不变性可知，张量 (37)在 𝑆𝑈 (2)的作用下同样是不变的。注意，对于指
标结构同时包含上下指标的不变张量，其满足的 𝑆𝑈 (2)不变性形式为:每个下指标受一个表示矩阵
作用，每个上指标则受逆矩阵作用。例如，将第一个指标升标的张量 (37)满足

𝐷(𝑗1)𝑛1𝑚1 (𝑔−1) 𝐷(𝑗2)𝑚2𝑛2 (𝑔)⋯𝐷(𝑗4)𝑚4𝑛4 (𝑔) (𝜄
(𝑗1⋯𝑗4)
𝑘 )

𝑚1
𝑚2𝑚3𝑚4 = (𝜄(𝑗1⋯𝑗4)

𝑘 )
𝑛1

𝑛2𝑛3𝑛4 .

(38)
In loop quantum gravity, invariant tensors such as (36) and (37) are typically called intertwiners.

在圈量子引力中，形如 (36)和 (37)的不变张量通常被称为交缠子。

The tensors (37) corresponding to all values of the internal spin 𝑘 allowed by the triangular conditions
span the intertwiner space Inv (ℋ𝑗1 ⊗⋯⊗ℋ𝑗4) . However, unlike the three-valent intertwiner (36), the
four-valent intertwiners (37) are not normalized; a short calculation using Eq. (26) shows that

所有满足三角条件容许的内部自旋 𝑘对应的张量 (37)张成交缠子空间 Inv (ℋ𝑗1 ⊗⋯⊗ℋ𝑗4)。但与
三价交缠子 (36)不同，四价交缠子 (37)不是归一化的；利用式 (26)做简单计算可得

(39)

Hence, an orthonormal basis on Inv (ℋ𝑗1 ⊗⋯⊗ℋ𝑗4) is given by the intertwiners

因此，Inv (ℋ𝑗1 ⊗⋯⊗ℋ𝑗4)上的标准正交基由如下交缠子给出

(𝑣(𝑗1⋯𝑗4)
𝑘 )

𝑚1𝑚2𝑚3𝑚4
= √𝑑𝑘(𝜄(𝑗1⋯𝑗4)

𝑘 )
𝑚1𝑚2𝑚3𝑚4

. (40)

The process of using epsilon tensors to connect 3𝑗 -symbols to each other can be continued to construct
intertwiners of arbitrarily high valence. An 𝑁 -valent intertwiner obtained in this way has the form

我们可以继续用 epsilon张量连接多个 3𝑗符号，构造任意高价的交缠子。通过这种方式得到的𝑁价
交缠子形式为

(41)
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where the label 𝐤 denotes the collection of internal spins 𝑘1,… , 𝑘𝑁−3 . Seen as a state onℋ𝑗1⊗⋯⊗ℋ𝑗𝑁
, the tensor (41) is an eigenstate of the operators

其中标记 𝐤表示内部自旋 𝑘1,… , 𝑘𝑁−3的集合。张量 (41)看作ℋ𝑗1 ⊗⋯⊗ℋ𝑗𝑁 上的态时，是如下算
符的本征态

(𝐽(1) + 𝐽(2))2, (𝐽(1) + 𝐽(2) + 𝐽(3))2, … , (𝐽(1) + 𝐽(2) +⋯+ 𝐽(𝑁−1))2

(42)
with eigenvalues determined by the spins 𝑘1,… , 𝑘𝑁−3, 𝐽𝑁 and of the operators

其本征值由自旋 𝑘1,… , 𝑘𝑁−3, 𝐽𝑁 确定，同时它也是如下算符的本征态

(𝐽(1) + 𝐽(2) +⋯+ 𝐽(𝑁))2, 𝐽(1)𝑧 + 𝐽(2)𝑧 +⋯+ 𝐽(𝑁)
𝑧 (43)

with vanishing eigenvalues. Since these operators form a complete set of commuting operators onℋ𝑗1⊗
⋯⊗ℋ𝑗𝑁 , and the invariant subspace Inv (ℋ𝑗1 ⊗⋯⊗ℋ𝑗𝑁 ) is characterized by eigenvalues 𝑗 = 0 and𝑚 =
0 of the total angular momentum, it follows that the states (41) provide a complete basis on the 𝑁 -valent
intertwiner space Inv (ℋ𝑗1 ⊗⋯⊗ℋ𝑗𝑁 ) as the internal spins range over all their possible values. As before,
this basis is orthogonal but not normalized; an orthonormal basis is given by the intertwiners

具有零本征值。由于这些算符构成 ℋ𝑗1 ⊗ ⋯ ⊗ ℋ𝑗𝑁 上的对易算符完全集，且不变子空间
Inv (ℋ𝑗1 ⊗⋯⊗ℋ𝑗𝑁 )由总角动量的本征值 𝑗 = 0和 𝑚 = 0刻画，因此当内自旋取遍所有可能值
时，态 (41)给出了 𝑁价交缠空间 Inv (ℋ𝑗1 ⊗⋯⊗ℋ𝑗𝑁 )上的一组完备基。和之前一样，该基底正交
但未归一化，规范正交基底由如下交缠子给出

(𝑣(𝑗1⋯𝑗𝑁 )
𝐤 )

𝑚1⋯𝑚𝑁
= √𝑑𝑘1 ⋯𝑑𝑘𝑁−3(𝜄

(𝑗1⋯𝑗𝑁 )
𝐤 )

𝑚1⋯𝑚𝑁
. (44)

For intertwiners of valence greater than three, there generally exist many different ways of coupling the
spins 𝑗1,… , 𝑗𝑁 to the internal spins of the intertwiner, giving rise to several inequivalent bases of the corre-
sponding intertwiner space. For example, the intertwiners

对于价数大于三的交缠子，通常存在多种不同方式将自旋 𝑗1,… , 𝑗𝑁 耦合到交缠子的内自旋上，由
此得到对应交缠空间的多组不等价基底。例如，以下交缠子

(45)
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where the first and third spins are now coupled to the internal spin, provide another basis of the space
Inv (ℋ𝑗1 ⊗⋯⊗ℋ𝑗4) . The change of basis between the bases (37) and (45) is given by

其中第一个和第三个自旋现在耦合到内自旋，给出了空间 Inv (ℋ𝑗1 ⊗⋯⊗ℋ𝑗4)的另一组基底。基
底 (37)和 (45)之间的基变换由下式给出

Here the object denoted by the curly brackets is aWigner 6𝑗 -symbol. In graphical notation, the 6j-symbol
can be defined as the diagram

这里大括号标记的对象是维格纳 6𝑗符号。在图形记号中，6j符号可以定义为下图

(47)

(To obtain Eq. (47), contract both sides of Eq. (46) with an intertwiner of the form (37), keeping in mind
Eq. (39).) As seen from Eq. (47), the 6𝑗 -symbol represents a complete contraction of four 3𝑗 -symbols. The
6𝑗 -symbol vanishes unless the triangular conditions are satisfied by the four triples of spins indicated by

(要得到式 (47)，将式 (46)两边与形式为 (37)的交缠子缩并，记住式 (39)即可。)从式 (47)可以看
出，6𝑗符号代表四个 3𝑗符号的完全缩并。除非由给出的四组自旋三元组都满足三角条件，否则 6𝑗
符号为零

{ ∘ ∘ ∘ } { ∘ } { ∘
∘∘

} { ∘
∘∘

} . (48)
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The symmetry properties of the 6𝑗 -symbol include invariance under any permutation of its columns

6𝑗符号的对称性包括其任意列交换下的不变性

{ 𝑗1 𝑗2 𝑗3
𝑘1 𝑘2 𝑘3

} = { 𝑗1 𝑗3 𝑗2
𝑘1 𝑘3 𝑘2

} = { 𝑗2 𝑗3 𝑗1
𝑘2 𝑘3 𝑘1

} , etc. (49)

as well as invariance under an interchange of the upper and lower spins in any two columns

以及任意两列中上下自旋交换下的不变性

{ 𝑗1 𝑗2 𝑗3
𝑘1 𝑘2 𝑘3

} = { 𝑗1 𝑘2 𝑘3
𝑘1 𝑗2 𝑗3

} = { 𝑘1 𝑘2 𝑗3
𝑗1 𝑗2 𝑘3

} , etc. (50)

Invariant contractions of greater numbers of 3𝑗 -symbols give rise to higher Wigner 𝑛𝑗 -symbols. For
instance, the change of basis between two bases of five-valent intertwiners is encoded in the 9𝑗 -symbol,
which is a complete contraction of six 3𝑗 -symbols. These symbols and their properties are described in more
detail in references such as [16, 49, 56] .

更多个 3𝑗符号的不变缩并会产生高阶维格纳 𝑛𝑗符号。例如，五价交缠子两组基底之间的基变换由
9𝑗符号刻画，它是六个 3𝑗符号的完全缩并。这些符号及其性质在 [16, 49, 56]等参考文献中有更详
细的介绍。

Example: The Gauge Invariant Projector

示例:规范不变投影算子
To give an example of using the elements introduced in this chapter in a concrete calculation, let us

consider the integral

为了举例说明如何将本章介绍的内容用于具体计算，我们考虑如下积分

𝐼(𝑗1⋯𝑗𝑁 ) ≡ ∫𝑑𝑔𝐷(𝑗1) (𝑔)⋯𝐷(𝑗𝑁 ) (𝑔) . (51)

We would like to show that, seen as an operator on the spaceℋ𝑗1 ⊗⋯⊗ℋ𝑗𝑁 , the object (51) represents
the orthogonal projector onto the gauge invariant subspace Inv (ℋ𝑗1 ⊗⋯⊗ℋ𝑗𝑁 )

我们将证明，将式 (51) 视为作用在空间 ℋ𝑗1 ⊗ ⋯ ⊗ ℋ𝑗𝑁 上的算子时，它对应规范不变子空间
Inv (ℋ𝑗1 ⊗⋯⊗ℋ𝑗𝑁 )上的正交投影算子

The product of 𝑁 representation matrices is described graphically by the expression

𝑁表示矩阵的乘积可以用图形表示为

(52)
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Now the strategy is to repeatedly use Eq. (23) to couple the two leftmost representation matrices. Pro-
ceeding in this way until there are only two matrices remaining, we arrive at

现在我们的策略是反复利用式 (23)耦合最左侧的两个表示矩阵，持续这个过程直到只剩两个矩阵，
最终得到

(53)
At this point we may compute the integral over the group using the orthogonality theorem (14) for the

Wigner matrices. We then find that the integral (51) is equal to

此时我们可以利用维格纳矩阵的正交性定理 (14)计算群上的积分，得到积分 (51)等于

(54)
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Here we can recognize the graphical representation of the𝑁 -valent intertwiners (41), which span the in-
tertwiner space Inv (ℋ𝑗1 ⊗⋯⊗ℋ𝑗𝑁 ) . Hence, introducing the label𝐤 to denote the internal spins𝑘1,… , 𝑘𝑁−3

, we have shown that

这里我们可以认出这是 𝑁 价缠结算子 (41) 的图形表示，这些缠结算子张成缠结算子空间
Inv (ℋ𝑗1 ⊗⋯⊗ℋ𝑗𝑁 )。因此，引入标记 𝐤表示内自旋 𝑘1,… , 𝑘𝑁−3后，我们就证明了

𝐼(𝑗1⋯𝑗𝑁 )𝑚1⋯𝑚𝑁 𝑛1⋯𝑛𝑁 = ∑
𝑘1⋯𝑘𝑁−3

𝑑𝑘1 ⋯𝑑𝑘𝑁−3(𝜄
(𝑗1⋯𝑗𝑁 )
𝐤 )

𝑚1⋯𝑚𝑁 (𝜄(𝑗1⋯𝑗𝑁 )
𝐤 )

𝑛1⋯𝑛𝑁
.

(55)
Using the normalized intertwiners 𝑣(𝑗1⋯𝑗𝑁 )

𝐤 = √𝑑𝑘1 ⋯𝑑𝑘𝑁−3 𝜄
(𝑗1⋯𝑗𝑁 )
𝐤 , we may write

利用归一化缠结算子 𝑣(𝑗1⋯𝑗𝑁 )
𝐤 = √𝑑𝑘1 ⋯𝑑𝑘𝑁−3 𝜄

(𝑗1⋯𝑗𝑁 )
𝐤 ，我们可以将其写为

𝐼(𝑗1⋯𝑗𝑁 ) = ∑
𝐤

||𝑣(
𝑗1⋯𝑗𝑁 )
𝐤 ⟩ ⟨𝑣(𝑗1⋯𝑗𝑁 )

𝐤
|| , (56)

which establishes the statement we were looking to prove, since Eq. (56) is nothing but the standard way
of expressing a projection operator in terms of an orthonormal basis of the subspace onto which the projection
is taken.

这就得到了我们想要证明的结论，因为式 (56)正是投影算子的标准表达形式:用投影所在子空间的
正交基来表示投影算子。

Calculating with Graphical Diagrams

用图形化图解计算

The Fundamental Theorem of Graphical Calculus

图形演算基本定理
In section ”Elements of Graphical Calculus” we have introduced the basic ingredients of graphical calcu-

lus, consisting of the graphical representation of objects of 𝑆𝑈 (2) recoupling theory, together with rules such
as Eqs. (8)-(10) and (24)-(25) which show how the arrows and signs in graphical diagrams can be manipu-
lated. However, the most powerful element of the graphical method emerges, perhaps surprisingly, from the
simple fact that an𝑁 -valent invariant tensor can be expanded with respect to a given basis of the correspond-
ing 𝑁 -valent intertwiner space. Due to their indispensable role in graphical calculations, we will refer to the
identities derived from this observation as the fundamental theorem of graphical calculus (although this is
not a standard terminology in the literature of the subject). To express these identities in graphical form, we
will introduce a notation where an 𝑁 -valent invariant tensor is represented by a block with 𝑁 lines attached.
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我们在“图形演算基础”一节中介绍了图形演算的基本构成要素，包括 𝑆𝑈 (2)再耦合理论中对象的
图形表示，以及式 (8)-(10)、(24)-(25)这类说明如何操作图形中的箭头和符号的规则。然而，图形方
法最强大的作用或许出人意料地来自一个简单事实:一个 𝑁 价不变张量可以在对应 𝑁 价交缠子空
间的给定基下展开。由于这些等式在图形计算中发挥着不可或缺的作用，我们将由该结论推导出的
等式称为图形演算基本定理 (尽管这在该领域的文献中并非标准术语)。为了用图形形式表达这些等
式，我们引入一种记号:将 𝑁价不变张量用一个连接了 𝑁条线的块表示。

A tensor carrying a single index can be invariant only if the index belongs to the trivial representation.
Thus, identifying a line having 𝑗 = 0 with no line, we have

携带单个指标的张量只有当该指标属于平凡表示时才是不变的。因此，若把一条带有 𝑗 = 0的线等
同于没有线，我们得到:

(57)

A two-valent invariant tensor 𝑇𝑚𝑛 must be proportional to 𝜀(𝑗)𝑚𝑛 , which is the only invariant tensor hav-
ing two lower indices. In particular, 𝑇𝑚𝑛 cannot be invariant unless both of its indices belong to the same
representation. The coefficient of proportionality can be deduced by contracting both sides of the equation
with the epsilon tensor. In this way we obtain the graphical identity

二价不变张量 𝑇𝑚𝑛必定与 𝜀(𝑗)𝑚𝑛成正比，𝜀(𝑗)𝑚𝑛是唯一带有两个下指标的不变张量。特别地，除非 𝑇𝑚𝑛

的两个指标属于同一个表示，否则它不可能是不变的。比例系数可以通过对等式两边用 epsilon张
量缩并推导得到，由此我们得到图形恒等式:

(58)

The three-valent intertwiner space Inv (ℋ𝑗1 ⊗ℋ𝑗2 ⊗ℋ𝑗3) is also one-dimensional and is spanned by
the 3𝑗 -symbol (36). A three-valent invariant tensor must therefore be proportional to the 3𝑗 -symbol, with
the coefficient of proportionality determined by contracting both sides of the equation with the 3𝑗 -symbol:

三价交缠子空间 Inv (ℋ𝑗1 ⊗ℋ𝑗2 ⊗ℋ𝑗3)也是一维的，由式 (36)的 3𝑗符号张成。因此三价不变张量
必定与 3𝑗符号成正比，比例系数由对等式两边用 3𝑗符号缩并确定:

(59)
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A four-valent invariant tensor can be expanded using any basis of the four-valent intertwiner space
Inv (ℋ𝑗1 ⊗⋯⊗ℋ𝑗4) . The dimension of this space is in general higher than 1, so several possible choices
of basis are available. If we take the basis given by Eq. (37) and keep in mind the normalization of the basis
intertwiners, we can write

四价不变张量可以利用四价交缠子空间 Inv (ℋ𝑗1 ⊗⋯⊗ℋ𝑗4)的任意基展开。这个空间的维数通常
大于 1，因此存在多种基的选择。如果我们采用式 (37)给出的基，并牢记基交缠子的归一化，我们
可以写出:

(60)

Different versions of the identity (60) can be derived by using different bases of the four-valent intertwiner
space. For example, choosing the basis (45), we obtain

通过选用四价交缠子空间的不同基，可以推导出恒等式 (60)的不同形式。例如，选择基 (45)，我们
得到:

(61)
Invariant tensors of valence higher than four can be expanded in a way completely analogous to Eqs. (60)

and (61), using any basis of the appropriate intertwiner space.
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价数大于四的不变张量，可以通过选用对应交缠子空间的任意基，以与式 (60)、(61)完全类似的方
式展开。

An important use of the fundamental theorem of graphical calculus is to simplify graphical diagrams
which carry no external, uncontracted lines and which therefore represent invariant contractions of 3𝑗 -
symbols. (If the invariance of a given closed diagram constructed out of 3𝑗 -symbols and epsilon tensors
is not immediately apparent, it can be checked by the following criterion: The diagram is invariant if and only
if Eqs. (10) and (25) can be used to transform it to a form where each line carries exactly one arrow.) Sup-
pose that an invariant diagram contains a subdiagram which itself represents an 𝑁 -valent invariant tensor
and that the entire diagram can be divided into two disconnected pieces by cutting the 𝑁 external lines of
the subdiagram. In such a case the diagram can be simplified (or at least transformed into a different form)
by applying the fundamental theorem to the 𝑁 - valent intertwiner corresponding to the subdiagram. For
diagrams which can be separated into two pieces by cutting one, two, three, or four lines, this procedure gives
rise to the following graphical identities:

图形演算基本定理的一个重要应用是化简不带有外部未缩并线、表示 3𝑗符号不变缩并的图形。(如
果由 3𝑗符号和 epsilon张量构造出的闭合图的不变性不能直接看出，可以通过以下判据检验:当且
仅当可以用式 (10)和 (25)将图变换为每条线恰好带一个箭头的形式时，图是不变的。)假设一个不
变图包含一个本身表示 𝑁 价不变张量的子图，且切断该子图的 𝑁 条外部线后，整个图可以分成两
个不连通的部分。在这种情况下，可以通过对该子图对应的 𝑁价交缠子应用基本定理来化简图 (或
至少将其变换为另一种形式)。对于切断 1条、2条、3条或 4条线就能分成两部分的图，该过程给
出以下图形恒等式:
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As before, different versions of Eq. (65) can be obtained by selecting different bases on the four-valent
intertwiner space. Equation (65) also generalizes in a straightforward way to the case of cutting a diagram
across more than four lines.

和之前的情况一样，通过选择四价交缠子空间的不同基，可以得到式 (65)的不同形式。式 (65)也
可以直接推广到切断超过四条线的情况。

Example: Biedenharn-Elliot Identity

例题:比登哈恩-埃利奥特恒等式
An instructive example of using the fundamental theoremof graphical calculus is provided by a graphical

proof of the Biedenharn-Elliot identity:

图形微积分基本定理的一个具有启发性的应用实例，就是对比登哈恩-埃利奥特恒等式的图形证明:

{ 𝑗1 𝑗2 𝑗3
𝑘1 𝑘2 𝑘3

} { 𝑗1 𝑗2 𝑗3
𝑙1 𝑙2 𝑙3

}
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= ∑
𝑥
𝑑𝑥(−1)

𝑗1+𝑗2+𝑗3+𝑘1+𝑘2+𝑘3+𝑙1+𝑙2+𝑙3+𝑥 {𝑗1 𝑘2 𝑘3
𝑥 𝑙3 𝑙2

} {𝑘1 𝑗2 𝑘3
𝑙3 𝑥 𝑙1

} {𝑘1 𝑘2 𝑗3
𝑙2 𝑙1 𝑥

} .

(66)
In loop quantumgravity, the Biedenharn-Elliot identity is relevant to the Ponzano-Reggemodel [12, 39], a

spin foamquantization of three-dimensional Euclidean gravity, where it can be used to show that the partition
function of the model is invariant under the so-called 2-3 Pachner move.

在圈量子引力中，比登哈恩-埃利奥特恒等式与庞扎诺-雷格模型 [12, 39]相关，该模型是三维欧几
里得引力的自旋泡沫量子化；在这一模型中，可以用该恒等式证明其配分函数在所谓的帕克纳 2-3
移动下保持不变。

We begin from the left-hand side of Eq. (66), using Eq. (47) to express the 6𝑗 - symbols in graphical
form. For the second 6𝑗 -symbol, we invoke the following theorem about closed diagrams: The value of a
diagram representing an invariant contraction of 3𝑗 -symbols is preserved if all the signs and all the arrows in
the diagram are simultaneously reversed. (The proof of this statement is straightforward. After the invariant
diagramhas been put into a formwhere each line carries an arrow, reversing all the arrows produces the factor
(−1)2𝐽 , where 𝐽 is the sum of all the spins in the diagram. Reversing the sign at a node with spins 𝑗1, 𝑗2 and 𝑗3
multiplies the diagram by (−1)𝑗1+𝑗2+𝑗3 , so reversing all the signs also produces the factor (−1)2𝐽 , since every
line is connected to exactly two nodes. The total factor arising from the process is therefore (−1)4𝐽 = +1 .)
Thus, we have a triple of outwardly oriented arrows, as shown by Eq. (25), on each of the three nodes carrying
a + sign in order to ensure that each piece resulting from the cut will represent a proper invariant contraction.
We then obtain

我们从式 (66)的左侧出发，利用式 (47)将 6𝑗符号表示为图形形式。对于第二个 6𝑗符号，我们引用
下述关于闭合图的定理:若同时反转图中所有符号和所有箭头，代表 3𝑗符号不变收缩的图，其值保
持不变。(该结论的证明很直接:当不变图整理为每条线都带一个箭头的形式后，反转所有箭头会得
到因子 (−1)2𝐽 ，其中 𝐽是图中所有自旋的和。在带有自旋 𝑗1, 𝑗2和 𝑗3的节点反转符号，会给图乘上
因子 (−1)𝑗1+𝑗2+𝑗3 ，因此反转所有符号也会得到因子 (−1)2𝐽 ，因为每条线恰好连接两个节点。因此
该过程得到的总因子就是 (−1)4𝐽 = +1。)由此，我们得到如式 (25)所示、三个向外定向的箭头，分
别位于三个带正号的节点上，以保证切割得到的每一块都代表正确的不变收缩。于是我们得到

(67)
Now we can see that the structure of the graphical diagram matches with the pattern on the right-hand

side of Eq. (64). We may therefore use the fundamental theorem ”in reverse” to join the two 6𝑗 -symbols into
a single connected diagram as follows:
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现在可以看到，这个图形的结构与式 (64)右侧的形式一致。因此我们可以“反向”使用基本定理，
将两个 6𝑗符号连接为单个连通图，如下所示:

(68)
(After forming the connected diagram we have noted that, as shown by Eq. (10), the two oppositely

oriented arrows cancel on the lines carrying spins 𝑗1 and 𝑗3 .)

(构造连通图后我们注意到，如式 (10)所示，在带有自旋 𝑗1和 𝑗3的线上，两个方向相反的箭头相互
抵消。)

The next step will be to cut the diagram on the right-hand side across four lines, using the fundamental
theorem in the form (65). Before doing so, we introduce

下一步，我们利用形如式 (65)的基本定理，对右侧的图沿四条线切割。在此之前，我们先引入

where we have first applied Eq. (65) to cut the diagram across the lines carrying spins 𝑘2, 𝑘3, 𝑙2 , and 𝑙3
and then used the fundamental theorem again to split the new diagram in two pieces by cutting the three
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lines that connect the inner part of the diagram to the outer part. Now each diagram on the second line of
Eq. (69) can be recognized as a 6𝑗 -symbol by comparing with the reference diagram (47), adjusting the signs
and arrows as needed. (It is useful to remember that simultaneously reversing all the signs and all the arrows
does not change the value of a diagram.) For instance, the first diagram is equal to

这里我们首先应用式 (65)沿带自旋 𝑘2, 𝑘3, 𝑙2和 𝑙3的线切割图，随后再次利用基本定理，沿连接图内
部与外部的三条线切割，将新图拆分为两块。现在，通过与参考图 (47)对比，在必要时调整符号和
箭头，即可认出式 (69)第二行的每个图都是 6𝑗符号。(记住同时反转所有符号和所有箭头不会改变
图的值，这一点很有用。)例如，第一个图等于

(−1)𝑗1+𝑘2+𝑘3(−1)2𝑘2 { 𝑗1 𝑘2 𝑘3
𝑥 𝑙3 𝑙2

} . (70)

To obtain the identity (66), it only remains to carefully keep track of the factors of (−1) , noting that
the triangular conditions satisfied by the triples (𝑘1, 𝑙1, 𝑥) and (𝑘2, 𝑙2, 𝑥) imply that (−1)

2𝑘1+2𝑙1+2𝑥 = 1 and
(−1)2𝑘2+2𝑙2+2𝑥 = 1 .

要得到恒等式 (66)，我们只需要仔细跟踪 (−1)的因子，注意到三元组 (𝑘1, 𝑙1, 𝑥)和 (𝑘2, 𝑙2, 𝑥)满足的
三角条件蕴含 (−1)2𝑘1+2𝑙1+2𝑥 = 1和 (−1)2𝑘2+2𝑙2+2𝑥 = 1。

The Graphical Method in Loop Quantum Gravity

圈量子引力中的图解法

Kinematical States and Elementary Operators

运动学态与基本算符
The kinematical Hilbert space of loop quantum gravity is spanned by the (generalized) spin network

states. A generalized spin network state is labeled by an oriented graph 𝛾 together with a set of spins 𝐣 =
{𝑗1,… , 𝑗𝑁𝑒} associated with the edges of the graph and a set of 𝑆𝑈 (2) tensors (generalized intertwiners) 𝜾 =
{𝜄1,… , 𝜄𝑁𝑣 } associated with the vertices of the graph (here 𝑁𝑒 and 𝑁𝑣 denote the number of edges and vertices
of the graph). The state is a function of 𝑁𝑒𝑆𝑈 (2) group elements and is defined by

圈量子引力的运动学希尔伯特空间由 (广义) 自旋网络态张成。一个广义自旋网络态由定向图 𝛾 、
一组关联于图边的自旋 𝐣 = {𝑗1,… , 𝑗𝑁𝑒} 以及一组关联于图顶点的 𝑆𝑈 (2) 张量 (广义交缠子) 𝜾 =
{𝜄1,… , 𝜄𝑁𝑣 }标记 (此处 𝑁𝑒和 𝑁𝑣分别表示图的边数与顶点数)。该态是 𝑁𝑒𝑆𝑈 (2)群元的函数，定义为

𝑇𝛾,𝐣,𝜾 (ℎ𝑒1 ,… , ℎ𝑒𝑁 ) = ⊗
𝑣∈𝑉(𝛾)

𝜄𝑣 ⋅ ⊗
𝑒∈𝐸(𝛾)

𝐷(𝑗𝑒) (ℎ𝑒) . (71)

The index structure of the tensor 𝜄𝑣 at a given vertex is adapted to the structure edges incident to the
vertex: If the vertex contains 𝑀 edges oriented outward and labeled by spins 𝑗1,… , 𝑗𝑀 and 𝑁 − 𝑀 edges
oriented inward and labeled by spins 𝑗𝑀+1,… , 𝑗𝑁 , the tensor 𝜄𝑣 carries𝑀 upper indices in the representations
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𝑗1,… , 𝑗𝑀 and𝑁−𝑀 lower indices in the representations 𝑗𝑀+1,… , 𝑗𝑁 . The dot in Eq. (71) denotes a complete
contraction of magnetic indices between the representation matrices and the generalized intertwiners. By
restricting the set of tensors 𝜄𝑣 at each vertex to be the invariant tensors (proper intertwiners) described in
section ”Invariant Tensors and Recoupling Theory,” one obtains the proper spin network states, which are
invariant under local 𝑆𝑈 (2) gauge transformations - see Eq. (74) - and which form a basis on the gauge-
invariant Hilbert space of loop quantum gravity.

给定顶点处张量 𝜄𝑣的指标结构适配于入射到该顶点的边结构:若该顶点有𝑀条向外取向、标记自旋
为 𝑗1,… , 𝑗𝑀的边，以及𝑁−𝑀条向内取向、标记自旋为 𝑗𝑀+1,… , 𝑗𝑁的边，则张量 𝜄𝑣在表示 𝑗1,… , 𝑗𝑀
下携带𝑀个上指标，在表示 𝑗𝑀+1,… , 𝑗𝑁 下携带 𝑁 −𝑀个下指标。式 (71)中的点表示表示矩阵与
广义交缠子之间磁指标的完全缩并。若将每个顶点处的张量集合 𝜄𝑣限定为“不变张量与重耦理论”
小节中描述的不变张量 (正则交缠子)，即可得到正则自旋网络态；这类态在局域 𝑆𝑈 (2)规范变换下
不变 (见式 (74))，并且构成圈量子引力规范不变希尔伯特空间的一组基。

The group elements in Eq. (71) originate classically from holonomies of the Ashtekar connection along
curves in the spatial manifold∑ . Given an edge 𝑒 : [0, 1] → ∑ , the holonomy of the Ashtekar connection
𝐴𝑖
𝑎 along the edge is

式 (71)中的群元经典起源于空间流形∑上沿曲线的阿西特卡联络和乐。给定边 𝑒 : [0, 1] → ∑，沿
该边的阿西特卡联络 𝐴𝑖

𝑎的和乐为

ℎ𝑒 [𝐴] = 𝒫 exp (−∫
𝑒
𝐴)

= 𝟙 +
∞
∑
𝑛=1

(−1)𝑛∫
1

0
𝑑𝑡1∫

𝑡1

0
𝑑𝑡2…∫

𝑡𝑛−1

0
𝑑𝑡𝑛𝐴 (𝑒 (𝑡1))⋯𝐴 (𝑒 (𝑡𝑛)) ,

(72)
where 𝐴 (𝑒 (𝑡)) ≡ ̇𝑒𝑎 (𝑡) 𝐴𝑖

𝑎 (𝑒 (𝑡)) 𝜏𝑖 , with ̇𝑒𝑎 (𝑡) being the tangent vector of 𝑒 , and 𝒫 exp denotes the
path ordered exponential, with the largest path parameter ordered to the left. The holonomy satisfies certain
properties which reflect its geometric interpretation as a parallel propagator. Perhaps the most important of
these is the identity

其中 𝐴 (𝑒 (𝑡)) ≡ ̇𝑒𝑎 (𝑡) 𝐴𝑖
𝑎 (𝑒 (𝑡)) 𝜏𝑖， ̇𝑒𝑎 (𝑡)是 𝑒的切向量，𝒫 exp表示路径序指数，路径参数越大越靠

左排列。和乐满足反映其作为平行传播子几何诠释的若干性质，其中最重要的恒等式是

ℎ𝑒2∘𝑒1 = ℎ𝑒2ℎ𝑒1 , (73)

where 𝑒1 and 𝑒2 are two edges such that the endpoint of 𝑒1 coincides with the beginning point of 𝑒2 and
𝑒2 ∘ 𝑒1 is the combined path formed by 𝑒1 followed by 𝑒2 .

其中 𝑒1和 𝑒2是两条边，满足 𝑒1的终点与 𝑒2的起点重合，𝑒2 ∘ 𝑒1是 𝑒1后接 𝑒2组成的复合路径。

Under a local 𝑆𝑈 (2) gauge transformation described by a gauge function 𝑔 (𝑥) ∈ 𝑆𝑈 (2) , the connection
behaves as 𝐴𝑎 → (𝐴𝑔)𝑎 ≡ 𝑔𝐴𝑎𝑔−1 + 𝑔𝜕𝑎𝑔−1 . This implies the corresponding transformation law of the
holonomy as
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在由规范函数 𝑔 (𝑥) ∈ 𝑆𝑈 (2)描述的局域 𝑆𝑈 (2)规范变换下，联络满足变换规则 𝐴𝑎 → (𝐴𝑔)𝑎 ≡
𝑔𝐴𝑎𝑔−1 + 𝑔𝜕𝑎𝑔−1，由此可推导出和乐对应的变换定律为

ℎ𝑒 [𝐴𝑔] = 𝑔 (𝑓 (𝑒)) ℎ𝑒 [𝐴] 𝑔−1 (𝑏 (𝑒)) , (74)

where 𝑏 (𝑒) and 𝑓 (𝑒) denote the beginning and final points of 𝑒 . Equation (74) suggests that the indices
𝑚 and 𝑛 of the representation matrix 𝐷(𝑗)𝑚

𝑛 (ℎ𝑒 [𝐴]) are associated respectively with the final and beginning
points of the edge 𝑒 . Our convention for the graphical representation of the Wigner matrices, given by Eq.
(2), has been chosen accordingly so that the direction of the triangle is consistent with the orientation of the
edge in the holonomy ℎ𝑒 [𝐴] .

其中 𝑏 (𝑒)和 𝑓 (𝑒)分别表示 𝑒的起点和终点。式 (74)表明，表示矩阵 𝐷(𝑗)𝑚
𝑛 (ℎ𝑒 [𝐴])的指标𝑚和 𝑛

分别对应边 𝑒的终点和起点。我们据此选定了式 (2)给出的维格纳矩阵图形表示约定，使三角形方
向与全绕 ℎ𝑒 [𝐴]中边的方向一致。

The elementary operators of loop quantum gravity are the holonomy and flux operators. The holonomy
operator acts as a multiplicative operator:

圈量子引力的基本算符是全绕算符和通量算符。全绕算符以乘法算符的形式作用:

�
𝐷(𝑗)𝑚𝑛 (ℎ𝑒) 𝑇𝛾,𝐣,𝜾 (ℎ𝑒1 ,… , ℎ𝑒𝑁 ) = 𝐷(𝑗)𝑚

𝑛 (ℎ𝑒) 𝑇𝛾,𝐣,𝜾 (ℎ𝑒1 ,… , ℎ𝑒𝑁 ) . (75)

If the edge 𝑒 coincides with one of the edges 𝑒1,… , 𝑒𝑁 , the action of the holonomy operator on a spin
network state involves essentially the decomposition of the tensor product of two representations, which is
given by the Clebsch-Gordan series (16).

若边 𝑒与某条边 𝑒1,… , 𝑒𝑁 重合，全绕算符对自旋网络态的作用本质上涉及两个表示的张量积分解，
该分解由克莱布希-高登级数 (16)给出。

The flux operator arises as a quantization of the classical variable representing the flux of the densitized
triad 𝐸𝑎𝑖 through a two-dimensional surface. The action of the flux operator on a spin network state can be
expressed as a linear combination of the left- and right-invariant vector fields of 𝑆𝑈 (2) . The left- and right-
invariant vector fields act according to the definitions

通量算符是经典变量的量子化结果，该经典变量描述密化三矢 𝐸𝑎𝑖 穿过二维曲面的通量。通量算符
对自旋网络态的作用可表示为 𝑆𝑈 (2)左不变向量场和右不变向量场的线性组合。左不变与右不变
向量场按照如下定义作用

𝐿̂(𝑒)𝑖 𝑇𝛾,𝐣,𝐥 (ℎ𝑒1 ,… , ℎ𝑒𝑁 ) = 𝑖 𝑑𝑑𝑡
|||𝑡=0

𝑇𝛾,𝐣,𝐥 (ℎ𝑒1 ,… , ℎ𝑒𝑒𝑡𝜏𝑖 ,…ℎ𝑒𝑁 ) , (76)

𝑅(𝑒)𝑖 𝑇𝛾,𝐣,𝑡 (ℎ𝑒1 ,… , ℎ𝑒𝑁 ) = −𝑖 𝑑𝑑𝑡
|||𝑡=0

𝑇𝛾,𝐣,𝑡 (ℎ𝑒1 ,… , 𝑒𝑡𝜏𝑖ℎ𝑒,…ℎ𝑒𝑁 ) , (77)
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where the superscripts indicate that the operators act on the argumentℎ𝑒 of the function𝑇𝛾,𝐣,𝜄 (ℎ𝑒1 ,… , ℎ𝑒𝑁 )
. If these operators are applied on the Wigner matrices themselves, it is immediate to see that their action is
given by

其中上标表示算符作用在函数 𝑇𝛾,𝐣,𝜄 (ℎ𝑒1 ,… , ℎ𝑒𝑁 )的自变量 ℎ𝑒 上。不难看出，若这些算符直接作用
在维格纳矩阵上，其作用结果为

𝐿̂(𝑒)𝑖 𝐷(𝑗) (ℎ𝑒) = 𝑖𝐷(𝑗) (ℎ𝑒) 𝜏(𝑗)𝑖 , (78)

𝑅(𝑒)𝑖 𝐷(𝑗) (ℎ𝑒) = −𝑖𝜏(𝑗)𝑖 𝐷(𝑗) (ℎ𝑒) . (79)

To apply the methods of graphical calculus for calculations in loop quantum gravity, the general strat-
egy is as follows. Firstly, one expresses the spin network states in a graphical form. Secondly, one derives
graphically the action of the two elementary operators on the spin network states. After this has been done,
the action of any well-defined operator constructed out of the elementary operators can be derived by apply-
ing the graphical formalism introduced in sections ”Elements of Graphical Calculus” and ”Calculating with
Graphical Diagrams.”

在圈量子引力中应用图形计算方法的一般策略如下:首先，将自旋网络态表示为图形形式；其次，用
图形方法推导出两个基本算符对自旋网络态的作用；完成这两步后，任何由基本算符构造得到的良
定义算符的作用，都可以通过应用“图形计算基础”和“图形 diagram计算”两节中介绍的图形形
式体系推导出来。

The spin network states defined by Eq. (71) involve two ingredients: the representationmatrices𝐷(𝑗) (ℎ𝑒)
and the intertwiners 𝜄𝑣 . The graphical representation of the Wigner matrices is given by Eq. (2), while the
graphical representation of intertwiners has been discussed in section ”Invariant Tensors and Recoupling
Theory.” Let 𝑇𝑣𝛾,𝐣,𝜾 denote the part of a spin network state directly associated with the vertex 𝑣 . Assume that
the vertex 𝑣 contains𝑁 edges 𝑒1,… , 𝑒𝑁 , the first𝑀 ofwhich are oriented outward and the remaining𝑁−𝑀 are
oriented inward. If the intertwiner at 𝑣 is a tensor of the form (41), the function 𝑇𝑣𝛾,𝐣,𝜄 is represented graphically
by the expression

式 (71)定义的自旋网络态包含两个组成部分:表示矩阵 𝐷(𝑗) (ℎ𝑒)和 intertwiner 𝜄𝑣。维格纳矩阵的图
形表示由式 (2)给出，而 intertwiner的图形表示已在“不变张量与重耦合理论”一节中讨论。设 𝑇𝑣𝛾,𝐣,𝜾
是自旋网络态中直接对应顶点 𝑣的部分，假设顶点 𝑣包含 𝑁条边 𝑒1,… , 𝑒𝑁 ，其中前𝑀条边向外定
向，剩余 𝑁 −𝑀条边向内定向。若 𝑣处的 intertwiner是形如 (41)的张量，则函数 𝑇𝑣𝛾,𝐣,𝜄的图形表示
为
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Note that, for each edge oriented outward, the corresponding index of the intertwiner has been raised
using the epsilon tensor.

注意，对每条向外定向的边，我们已利用 ε张量提升了 intertwinner对应指标的位置。

Now let us consider the graphical calculation of the action of the two elementary operators on spin net-
work states. The action of the holonomy operator is encoded in the Clebsch-Gordan series, which is given in
algebraic form by Eq. (16) and in graphical form by Eq. (23). Applying the holonomy operator to the state
(80), and using Eq. (23) to evaluate the resulting action, we find that the action of the holonomy operator can
be represented in graphical form as

现在我们考虑两个基本算符作用在自旋网络态上的图形计算。全绕算符的作用包含在克莱布希-高
登级数中，该级数的代数形式由式 (16)给出，图形形式由式 (23)给出。将全绕算符作用于态 (80)，
再利用式 (23)计算得到的作用，我们发现全绕算符的作用可以用图形形式表示为

ˆ𝐷(𝑗)𝑚𝑛(ℎ𝑒)𝑇𝑣𝛾,𝐣,𝐭 (ℎ𝑒1 ,… , ℎ𝑒,… , ℎ𝑒𝑁 )

(81)
Consider then the left- and right-invariant vector fields. We want to obtain a graphical expression for

the action of the operators 𝐿̂(𝑒)𝑖 and 𝑅(𝑒)𝑖 on the function 𝑇𝑣𝛾,𝐣,𝜄 (ℎ𝑒1 ,… , ℎ𝑒𝑁 ) . As the action of the left- and
right-invariant vector fields on a representation matrix is given by Eqs. (78) and (79), it suffices to recall the
graphical representation of the 𝑆𝑈 (2) generators 𝜏(𝑗)𝑖 from Eq. (31) to cast the action of these operators into
graphical form. Applying this to the state represented by the diagram (80), we establish that the action of the
left- and right-invariant vector fields on a spin network vertex is given by the graphical expression

接下来考虑左不变和右不变向量场。我们想要得到算子 𝐿̂(𝑒)𝑖 和 𝑅(𝑒)𝑖 作用在函数 𝑇𝑣𝛾,𝐣,𝜄 (ℎ𝑒1 ,… , ℎ𝑒𝑁 )上
的图形表达式。由于左右不变向量场作用在表示矩阵上的结果由式 (78)和 (79)给出，我们只需回
顾式 (31)中 𝑆𝑈 (2)生成元 𝜏(𝑗)𝑖 的图形表示，即可将这些算子的作用改写为图形形式。将其应用到图
(80)表示的态上，我们得到:左右不变向量场作用在自旋网络顶点上的结果由下述图形表达式给出
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(82)
and

和

(83)
Note that there is a certain sense of consistency between the invariant vector fields and the orientation of

the edge on which they act. If a left-invariant vector field is applied to an outgoing edge, or a right-invariant
vector field to an incoming edge, the action of the operator is localized to the vertex 𝑣 and can be interpreted
essentially as an action on just the intertwiner 𝜄𝑣 .

注意，不变向量场与其作用的边的取向之间存在一定的一致性。若左不变向量场作用在出边上，或
右不变向量场作用在入边上，算子的作用就局限在顶点 𝑣，本质上可以理解为仅作用在交缠子 𝜄𝑣上。

Equations (81)-(83) provide the graphical representation of the elementary operators of loop quantum
gravity. The action of any well-defined operator on a spin network state can now be computed graphically by
applying these equations together with the basic rules of graphical calculus presented in sections ”Elements
of Graphical Calculus” and ”Calculating with Graphical Diagrams.”

式 (81)-(83)给出了圈量子引力中基本算子的图形表示。任意良定义算子作用在自旋网络态上的结
果，现在都可以结合这些式子与“图形计算基础”和“图形图解计算”两节给出的图形计算基本规
则，通过图形方法计算得到。

Example: Matrix Elements of the Hamiltonian Constraint

示例:哈密顿约束的矩阵元
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The task of computing the matrix elements of the Hamiltonian constraint, which is the operator govern-
ing the dynamics in the canonical formulation of loop quantum gravity, is a typical example of a calculation
which can be performed quite efficiently using the graphical methods presented in this chapter. As an exam-
ple, let us take a look at a version of the Hamiltonian introduced in [52]. The operator is a slight variation of
Thiemann’s well-known construction [45], and it has been studied, e.g., in [55] to investigate the consistency
between the canonical and covariant formulations of the dynamics in loop quantum gravity.

计算哈密顿约束 (圈量子引力正则形式中支配动力学的算符)的矩阵元，是使用本章介绍的图形方
法就能相当高效完成的典型计算示例。下面我们就以文献 [52]中介绍的一种哈密顿形式为例进行
讲解。该算符是对著名的 Thiemann构造 [45]的微小修改，已有研究 (例如文献 [55])用它来检验圈
量子引力中动力学的正则形式与协变形式的自洽性。

The operator corresponds to the Euclidean part of the Hamiltonian constraint and restricted to a given
vertex 𝑣 of a spin network state; it takes the form

该算符对应哈密顿约束的欧几里得部分，且限制在自旋网络态的给定顶点 𝑣上；其形式如下

𝐻E
𝑣 = ∑

𝑒𝐼 ,𝑒𝐽 at 𝑣
𝜀𝑖𝑗𝑘 Tr (𝜏(𝑙)𝑘 𝐷( ̂𝑙) (ℎ̂𝛼𝐼𝐽 )) ̂𝐽(𝑒𝐼 )𝑖 ̂𝐽(𝑒𝐽 )𝑗 𝑉−1𝑣 . (84)

Here ℎ𝛼𝐼𝐽 is the holonomy around the closed triangular loop 𝛼𝐼𝐽 = 𝑠−1𝐼 ∘ 𝑎𝐼𝐽 ∘ 𝑠𝐽 , where 𝑠𝐼 and 𝑠𝐽 are
short segments of the edges 𝑒𝐼 and 𝑒𝐽 starting from 𝑣 , and 𝑎𝐼𝐽 is an arc connecting the endpoint of 𝑠𝐽 to the
endpoint of 𝑠𝐼 . Moreover, each ̂𝐽(𝑒)𝑖 denotes either a left- or a right-invariant vector field, according to whether
the corresponding edge is oriented outward or inward at the vertex - see the remark below Eq. (83) - and
𝑉−1
𝑣 is a regularized inverse volume operator (see, e.g., [13, 55]). For the purposes of our example, we will
ignore the inverse volume operator, whose action is not accessible by purely graphical means, and focus on
the remaining part of operator (84):

其中 ℎ𝛼𝐼𝐽 是闭合三角形回路 𝛼𝐼𝐽 = 𝑠−1𝐼 ∘ 𝑎𝐼𝐽 ∘ 𝑠𝐽 周围的全纯，𝑠𝐼 和 𝑠𝐽 是起始于 𝑣的边 𝑒𝐼 和 𝑒𝐽 的短
段，𝑎𝐼𝐽 是连接 𝑠𝐽 端点与 𝑠𝐼 端点的弧。此外，每个 ̂𝐽(𝑒)𝑖 表示左不变或右不变向量场，具体取决于对
应边在顶点处的指向是向外还是向内——参见式 (83)下方的注释——而 𝑉−1

𝑣 是正则化的逆体积算符
(参见例如文献 [13, 55])。为了完成本次示例计算，我们将忽略逆体积算符，它的作用无法仅通过图
形方法得到，我们将聚焦于算符 (84)的剩余部分:

ℎ̂E𝑣,𝑒𝐼 ,𝑒𝐽 = 𝜀𝑖𝑗𝑘 Tr (𝜏(𝑙)𝑘 𝐷(𝑙) (ℎ̂𝛼𝐼𝐽 )) ̂𝐽(𝑒𝐼 )𝑖 ̂𝐽(𝑒𝐽 )𝑗 . (85)

Our goal is to calculate the action of the operator ℎ̂E𝑣,𝑒1,𝑒2 on a four-valent spin network vertex. For sim-
plicity, assume that all the edges are oriented outwards from the vertex. Then the relevant part of the spin
network function has the form

我们的目标是计算算符 ℎ̂E𝑣,𝑒1,𝑒2 在四价自旋网络顶点上的作用。为简化起见，假设所有边都从顶点
向外定向。那么自旋网络函数的相关部分形式如下

𝑗1 𝑗4
𝑒1
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𝐷(𝑗1)𝑚1𝑛1 (ℎ𝑒1)⋯𝐷(𝑗4)𝑚4𝑛4 (ℎ𝑒4) (𝜄
(𝑗1⋯𝑗4)
𝑘 )

𝑛1⋯𝑛4 =

𝑘
+ +
𝑒3
𝑗2 𝑗3
(86)
where we have chosen a basis of intertwiners where the edges 𝑒1 and 𝑒2 , on which the operator ℎ̂E𝑣,𝑒1,𝑒2

will act, are coupled to the internal spin of the intertwiner. (In the name of readability, we commit a slight
abuse of notation by using the edges 𝑒𝐼 instead of the holonomies ℎ𝑒𝐼 to label the triangles in the diagram
representing the spin network state.)

其中我们选取了 intertwinner基，算符 ℎ̂E𝑣,𝑒1,𝑒2 作用的边 𝑒1和 𝑒2在该基下耦合到 intertwinner的内
自旋。(为了可读性，我们略微滥用了记号:在表示自旋网络态的图中，我们用边 𝑒𝐼 代替全纯 ℎ𝑒𝐼 来
标记三角形。)

Each ̂𝐽(𝑒)𝑖 in Eq. (85) will now be a left-invariant vector field. Using Eq. (82) to evaluate the action of these
operators on the state (86), and appending the diagram

式 (85)中的每个 ̂𝐽(𝑒)𝑖 现在都是左不变向量场。利用式 (82)计算这些算符在态 (86)上的作用，再将图

(87)

to the resulting expression, we obtain

附加到结果表达式中，我们得到

𝜀𝑖𝑗𝑘(𝜏(𝑙)𝑘 )
𝑚
𝑛 ̂𝐽(𝑒1)𝑖 ̂𝐽(𝑒2)𝑗 ||𝑇𝑣𝐣,𝑘⟩ = −√6𝑊 𝑗1𝑊 𝑗2𝑊 𝑙

(88)
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where ||𝑇𝑣𝐣,𝑘⟩ denotes the state (86). We must then bring in the operator 𝐷(𝑙)𝑛
𝑚 (ℎ𝛼12) . Using the multi-

plicative property (73) of the holonomy, we can break this down as

其中 ||𝑇𝑣𝐣,𝑘⟩表示态 (86)。接下来我们需要引入算符 𝐷(𝑙)𝑛
𝑚 (ℎ𝛼12)。利用全纯的乘法性质 (73)，我们可

以将其分解为

𝐷(𝑙)𝑛′𝑚(ℎ𝑠2 )=𝐷(𝑙)𝑚′𝑚(ℎ𝑠2 ).

𝐷(𝑙)𝑛𝑚(ℎ𝛼12 ) = 𝐷(𝑙)𝑛𝑛′ (ℎ−1𝑠1 )
�

𝐷(𝑙)𝑛′𝑚′(ℎ𝑎12 )⏞⎴⎴⏞⎴⎴⏞𝐷(𝑙)𝑚′𝑚(ℎ𝑠2 ) . (89)

The action of the rightmost holonomy operator on the holonomy 𝐷(𝑗2) (ℎ𝑒2) can be derived by splitting
the edge 𝑒2 into the segment 𝑠2 and the remainder 𝑒′2 - recall Eq. (73) - and applying Eq. (81). After slightly
adjusting the direction of the arrows, we find

最右侧全纯算符在全纯 𝐷(𝑗2) (ℎ𝑒2)上的作用可以这样推导:将边 𝑒2拆分为段 𝑠2和剩余部分 𝑒′2 ——回
顾式 (73)——再应用式 (81)。对箭头方向稍作调整后，我们得到

𝑗2 𝑗2 𝑗2
𝐷(𝑙)𝑚′

𝑚 (ℎ𝑠2) 𝑒2
=
𝐷(𝑙)𝑚′

𝑚 (ℎ𝑠2) 𝑠2
𝑚′ 𝑚
𝑗2
𝑙
𝑙2
𝑙
𝑗2
S2
+(90)
The operator 𝐷(𝑙)𝑛𝑛′ (ℎ−1𝑠1 ) can be treated in the same way, using Eq. (11) for the matrix elements of the

inverse matrix and taking into account the arrows arising from the epsilon tensors. Finally, the holonomy

算符 𝐷(𝑙)𝑛𝑛′ (ℎ−1𝑠1 )可以用同样的方式处理，利用逆矩阵矩阵元的式 (11)，并考虑由 epsilon张量产生
的箭头。最后，全纯

(91)

is attached to the diagram. In the end we have

被附加到图中。最终我们得到
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ℎ̂E𝑣,𝑒1,𝑒2 ||𝑇𝑣𝐣,𝑘⟩ = −√6𝑊 𝑗1𝑊 𝑗2𝑊 𝑙

(92)
The next step is to express the result in terms of known quantities such as 6𝑗 - symbols with the help

of the fundamental theorem. We begin by applying Eq. (59) to the three-valent invariant tensor within the
above diagram, thus finding that the diagram is equal to

下一步是利用基本定理，将结果表示为 6𝑗符号这类已知量的形式。我们首先将式 (59)应用于上图
中的三价不变张量，由此得到该图等于

(93)

where

其中

(94)
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This diagram can be recognized as the so-called 12𝑗 -symbol of the second kind (see, e.g., [49,56]), but we
may equally well continue to use the fundamental theorem to break it down. Clearly the diagram cannot be
split into two disconnected pieces by cutting only three lines. If we cut the four lines connecting the central
part of the diagram to the two outer nodes, as indicated by Eq. (65), we see that

该图就是所谓的第二类 12𝑗符号 (例如参见文献 [49,56])，不过我们也可以继续利用基本定理对其分
解。显然，仅切割三条线无法将该图拆分为两个不连通部分。如果我们按照式 (65)标注的方式，切
割连接图中心部分和两个外节点的四条线，可得

ℎ̂E𝑣,𝑒1,𝑒2 ||𝑇𝑣𝐣,𝑘⟩ = √6𝑊 𝑗1𝑊 𝑗2𝑊 𝑙 ∑
𝑙1,𝑙2,𝑥

𝑑𝑙1𝑑𝑙2𝑑𝑥(−1)
𝑘+𝑙1−𝑙2

×{ 𝑗1 𝑗2 𝑘
𝑙2 𝑙1 𝑥

} { 𝑗1 𝑗1 1
𝑥 𝑙 𝑙1

} { 𝑗2 𝑗2 1
𝑥 𝑙 𝑙2

} { 1 1 1
𝑥 𝑙 𝑙

} ||𝑇𝑣𝐣,𝐥,𝑘⟩ (96)

(95)
Here the first piece is immediately recognizable as a 6𝑗 -symbol, while the second piece can be reduced

to a product of three 6𝑗 -symbols by making two horizontal cuts. After simplifying the factors of (−1) , we
obtain the final result of our calculation in the form
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此处第一个部分可直接识别为一个 6𝑗符号，而第二个部分通过两次水平切割可约化为三个 6𝑗符号
的乘积。化简 (−1)因子后，我们得到计算的最终结果形式为

where ||𝑇𝑣𝐣,𝐥,𝑘⟩ is the state defined by the diagram in Eq. (93).

其中 ||𝑇𝑣𝐣,𝐥,𝑘⟩是式 (93)中该图定义的态。

Summary

摘要
In this chapter we have presented an introduction to the graphical calculus of 𝑆𝑈 (2) , which constitutes

a highly efficient technique for calculations involving 𝑆𝑈 (2) recoupling theory. The graphical formalism,
which has been originally introduced in the literature as a method for dealing with calculations in the quan-
tum theory of angular momentum, is built out of two key ingredients: (1) a graphical notation consisting of
diagrammatic representations of the elementary objects of 𝑆𝑈 (2) recoupling theory, such as Clebsch-Gordan
coefficients, Wigner nj-symbols, andWigner matrices, and (2) the basic properties satisfied by these graphical
diagrams, which follow from the properties of the corresponding non-graphical objects and which promote
the graphical notation into a powerful diagrammatic calculus. In particular, in section ”Calculating with
Graphical Diagrams” we introduced a set of graphical identities which we named the fundamental theorem
of graphical calculus; these identities provide an essential tool for simplifying complicated graphical diagrams.

本章我们介绍了 𝑆𝑈 (2)图形演算，它是处理涉及 𝑆𝑈 (2)重耦合理论计算的高效方法。该图形形式
最初作为角动量量子理论的计算方法被提出，由两个核心部分构成:(1)图形记号，用 diagrams表示
𝑆𝑈 (2)重耦合理论的基本对象，例如 Clebsch-Gordan系数、Wigner n-j符号、Wigner矩阵；(2)这
些图形满足的基本性质，这些性质源于对应非图形对象的性质，也让该图形记号发展为强大的图解
演算。特别地，我们在「图形计算」一节引入了一组图形恒等式，将其命名为图形演算基本定理；
这些恒等式是简化复杂图形的核心工具。

In the graphical approach, any given algebraic expression in 𝑆𝑈 (2) recoupling theory is represented
in a definite and unambiguous way by a corresponding graphical formula. Calculations can then be per-
formed graphically by following a set of straightforward rules for manipulating graphical diagrams. The re-
sulting transformations of the graph correspond uniquely to algebraic manipulations of the corresponding
non-graphical expressions, so any calculation performed by the graphical method can also be performed by
conventional algebraic techniques. However, the graphical form of the calculation is usually considerably
more concise, efficient, and visually easier to follow.

在图形方法中，𝑆𝑈 (2)重耦合理论里任意给定的代数表达式都可以被对应图形公式明确无歧义地表
示。我们只需遵循一组简单直接的规则操作图形，就能完成计算。图的变换唯一对应对应非图形表
达式的代数操作，因此图形法能完成的计算，传统代数方法同样可以完成，但图形形式的计算通常
要简洁得多、效率更高，也更便于直观理解。

The graphical calculus of 𝑆𝑈 (2) provides a very effective practical tool for calculations involving the spin
network states of loop quantumgravity, which have the structure of 𝑆𝑈 (2) representationmatrices, associated
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with the edges of a graph, contracted with intertwiners, or invariant tensors of 𝑆𝑈 (2) , associated with the
vertices of the graph. By applying the basic definitions of the graphical formalism, the action of the elementary
operators of loop quantum gravity can be cast into a graphical form. Given an operator constructed out of
holonomy and flux operators, the action of the operator on spin network states can then be systematically
computed by applying the rules of graphical calculus. As a concrete example, we considered the calculation
of the matrix elements of a particular version of the Hamiltonian constraint operator in the spin network
basis. Many more examples of the use of graphical calculus in loop quantum gravity can be found in the
articles cited in the bibliography, where graphical techniques have been successfully applied to a variety of
physically relevant and technically quite nontrivial calculations.

𝑆𝑈 (2)图形演算是计算圈量子引力自旋网络态非常有效的实用工具，自旋网络态的结构为:图的边
关联 𝑆𝑈 (2)表示矩阵，图的顶点关联 𝑆𝑈 (2)的交缠子 (即不变张量)，再将这些表示矩阵缩并得到
自旋网络态。利用图形形式的基本定义，圈量子引力基本算符的作用可以被改写为图形形式。对于
任意一个由和乐算符和通量算符构造出的算符，我们都可以通过应用图形演算规则，系统地计算该
算符作用在自旋网络态上的结果。作为具体实例，我们计算了自旋网络基下特定形式哈密顿约束算
符的矩阵元。更多图形演算在圈量子引力中应用的例子可以在参考文献所列文章中找到，这些文献
已经将图形技术成功应用于多种物理相关、技术上相当复杂的计算中。

Cross-References
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Emergence of Riemannian Quantum Geometry

黎曼量子几何的涌现

Hamiltonian Theory: Dynamics

哈密顿理论:动力学

• Loop Quantum Gravity and Quantum Information

• 圈量子引力与量子信息

Spin Foams: Foundations

自旋泡沫:基础

Spinfoams and High-Performance Computing

自旋泡沫与高性能计算
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